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01/02/2024 #Linear Span - Definition of Linear Span and  Examples. 

Theorem: (𝑆) is the smallest subspace of 𝑉 containing 𝑆. 

Theorem: If 𝑆1 and 𝑆2 are subsets of 𝑉, then (i) 𝑆1 ⊆ 𝑆2 

⇒ 𝐿(𝑆1 ) ⊆ 𝐿(𝑆2 ) (ii) 𝐿(𝑆1 ∪ 𝑆2 ) = 𝐿(𝑆1 ) + 𝐿(𝑆2 ) (iii) 

𝐿(𝐿(𝑆1 )) = 𝐿(𝑆1 ) 

Lecture and 

Problem solving 

03/02/2024  Theorem: If 𝑊 is subspace of 𝑉 then (𝑊) = 𝑊 and 

conversely. Definition of Finite dimensional vector space 

(F.D.V.S). # Linear dependence, independence and basis. 

Definition: Linear dependence (L. D.) and independence 

(L. I.), basis of vector space. 

Lecture and 

Problem solving 

05/02/2024  Examples of Linear dependence, independence and basis. 

Theorem: If 𝑆 = {𝑣1, 𝑣2, 𝑣3, . .. , 𝑣n } is a basis of 𝑉 then 

every element of 𝑉 can be expressed uniquely as a linear 

combination of 𝑣1, 𝑣2, 𝑣3, . .. , 𝑣n.  Theorem: Suppose 𝑆 is 

a finite subset of a vector space 𝑉 such that 𝑉 = (𝑆) then 

there exists a subset of 𝑆 which is a basis of 𝑉.  Corollary: 

A F.D.V.S. has a basis 

Lecture and 

Problem solving 

06/02/2024  Theorem: Let 𝑉 be a F.D.V.S. Suppose 𝑆 and 𝑇 are two 

finite subsets of 𝑉 such that 𝑆 spans 𝑉 and 𝑇 is L. I. Then 

(𝑇) ≤ (𝑆). Corollary : Any basis of F.D.V.S. 𝑉 is finite. 

Corollary : Any two bases of a F.D.V.S. have same 

number of elements. Definition of dimension. 

Lecture  

07/02/2024  Corollary : If dim 𝑉 = 𝑛, then any 𝑛 + 1 vectors in 𝑉 are 

linearly dependent. Theorem: (without proof) A basis of a 

vector space is a maximal linearly independent set and 

conversely every maximal linearly independent set in a 

vector space is its basis. Corollary: (without proof) 

Suppose 𝑛 is the maximum number of L. I. vectors in any 

Lecture and 

Problem solving 



subset of a vector space 𝑉. Then dim 𝑉 = 𝑛. Theorem: 

(without proof) Let (𝐹) be a vector space. A minimal 

generating set of 𝑉 is a basis of 𝑉 and conversely, every 

basis of 𝑉 is a maximal generating set. Theorem: If 𝑉 is a 

F.D.V.S. and {𝑣1, 𝑣2, 𝑣3, . .. , 𝑣r } is a L.I. subset of 𝑉, 

then it can be extended to form a basis of 𝑉.  

09/02/2024 Theorem: If dim 𝑉 = 𝑛 and 𝑆 = {𝑣1, 𝑣2, 𝑣3, . .. , 𝑣n } spans 

𝑉, then 𝑆 is a basis of 𝑉 Theorem: If dim 𝑉 = 𝑛 and 𝑆 = 

{𝑣1, 𝑣2, 𝑣3, . .. , 𝑣n } is a L.I. subset of 𝑉, then 𝑆 is a basis 

of 𝑉.. Theorem: (without proof) Two finite dimensional 

vector spaces over 𝐹 are isomorphic if and only if they 

have the same dimension.. Thorem: (without proof) Let 𝑊 

be a subspace of a F.D.V.S. 𝑉, then 𝑊 is finite 

dimensional and 𝑑𝑖𝑚 𝑊 ≤ 𝑑𝑖𝑚 𝑉. In fact, 𝑑𝑖𝑚 𝑉 = 𝑑𝑖𝑚 

𝑊 iff 𝑉 = 𝑊. 

Lecture and 

Problem solving 

10/02/2024 #Properties of Linear Transformation. Theorem: A L.T. 𝑇 

∶ 𝑉 → 𝑉 is one – one iff 𝑇 is onto. Theorem: Let 𝑉 and 𝑊 

be two vector spaces over 𝐹. Let {𝑣1, 𝑣2, . .. , 𝑣r } be a 

basis of 𝑉 and 𝑤1, 𝑤2, . .. , 𝑤n be any vectors in 𝑊 (not 

essentially distinct). Then there exists a unique L.T. 𝑇: 𝑉 

→ 𝑊 such that ( ) = 𝑤 ; 𝑖 = 1, 2, . . . , 𝑛 Definition of rank 

and nullity of a linear transformation.  Theorem: 

(Sylvester’s Law) Let 𝑇: 𝑉 → 𝑊 be a linear 

transformation. Then 𝑅𝑎𝑛𝑘 𝑇 + 𝑁𝑢𝑙𝑙𝑖𝑡𝑦 𝑇 = 𝑑𝑖𝑚 𝑉. 

Theorem: If 𝑇 ∶ 𝑉 → 𝑉 be a L.T., then the following 

statements are equivalent. i) 𝑅𝑎𝑛𝑔𝑒 𝑇 ∩ 𝐾𝑒𝑟 𝑇 = {0} ii) 

If ((𝑣)) = 0 then (𝑣) = 0, 𝑣 ∈ 𝑉. 

Lecture and 

Problem solving 

11/02/2024 # Algebra of Linear Transformations. Definition of Sum 

and scalar multiple of L.T. The vector space Hom (𝑉, 𝑊). 

Definition of Product (composition) of L.T. s, Linear 

operator, Linear functional. Theorem: Let 𝑇, 𝑇1, 𝑇2, 𝑇3 

be linear operators on 𝑉 and let 𝐼: 𝑉 → 𝑉 be the identity 

mapping 𝐼(𝑣) = 𝑣 for all v then i) 𝐼 𝑇 = 𝑇 𝐼 = 𝑇  ii) 𝑇(𝑇1 + 

𝑇2 ) = 𝑇𝑇1 + 𝑇𝑇2 (𝑇1 + 𝑇2 )𝑇 = 𝑇1𝑇 + 𝑇2𝑇  iii) 𝛼(𝑇1 𝑇2 

) = (𝛼 𝑇1 ) 𝑇2 = 𝑇1 (𝛼 𝑇2 ) ; 𝛼 ∈ 𝐹 iv) 𝑇1 (𝑇2 𝑇3 ) = (𝑇1 

𝑇2 ) 𝑇3 

Lecture  

12/02/2024  Theorem: (without proof) Let 𝑉 and 𝑊 be two vector 

spaces (over 𝐹) of dimension 𝑚 and 𝑛 respectively. Then 

Hom (𝑉, 𝑊) has dimension 𝑚𝑛.  # Invertible Linear 

Lecture and 

Problem solving 



Transformation. Definition of Invertible map, Inverse of a 

L.T. is also a L. T., Definition of nonsingular L. T. 

Theorem: A L.T. 𝑇 ∶ 𝑉 → 𝑊 is a non-singular iff 𝑇 carries 

each L. I. subset of 𝑉 onto a L. I. subset of 𝑊 

13/02/2024 Theorem: Let 𝑇 ∶ 𝑉 → 𝑊 be a L.T. where 𝑉 and 𝑊 are 

F.D.V.S. with same dimension. Then the following 

statements are equivalent. (i) 𝑇 is invertible. (ii) 𝑇 is non-

singular. (iii) 𝑇 is onto. (iv) If {𝑣1, 𝑣2, . .. , 𝑣𝑛 } is a basis 

of 𝑉then {𝑇(𝑣1 ), 𝑇(𝑣2 ), . .. , 𝑇(𝑣𝑛 )} is a basis of 

𝑊.Theorem: Let 𝑇 ∶ 𝑉 → 𝑊 and 𝑆 ∶ 𝑊 → 𝑈 be two linear 

transformations. Then  (i) If 𝑆 and 𝑇 are one – one, onto 

then 𝑆𝑇 is one-one, onto and (𝑆𝑇) −1 = 𝑇 −1𝑆 −1  (ii) If 

𝑆𝑇 is one – one then 𝑇 is one-one. (iii) If 𝑆𝑇 is onto then 𝑆 

is onto. 

Lecture and 

Problem solving 

14/02/2024  Matrix of L.T. and examples.  Definition of Matrix of 

L.T. and examples. Theorem: 𝐻𝑜𝑚 (𝑈, 𝑉) ≅ 𝑀𝑚×𝑛 (�) 

Lecture and 

Problem solving 

15/02/2024 Unit 2: Inner Product Spaces, Eigen values and Eigen 

vectors. 

# Inner product space . Definition of Inner product space, 

norm of a vector and examples 

Lecture  

16/02/2024  Theorem: Cauchy- Schwarz inequality. Let 𝑉 be an inner 

product space. Then |(𝑢, 𝑣)| ≤ ‖𝑢‖ ‖𝑣‖, for all 𝑢, 𝑣 ∈ 

𝑉.Theorem: Triangle inequality. Let 𝑉 be an inner product 

space. Then ‖𝑥 + 𝑦‖ ≤ ‖𝑥‖ + ‖𝑦‖ , for all 𝑥, 𝑦 ∈ 𝑉. AND 

EXAMPLES 

 Lecture and 

Problem solving 

17/02/2024  Theorem: Cauchy- Schwarz inequality. Let 𝑉 be an inner 

product space. Then |(𝑢, 𝑣)| ≤ ‖𝑢‖ ‖𝑣‖, for all 𝑢, 𝑣 ∈ 𝑉.  

Theorem: Triangle inequality. Let 𝑉 be an inner product 

space. Then ‖𝑥 + 𝑦‖ ≤ ‖𝑥‖ + ‖𝑦‖ , for all 𝑥, 𝑦 ∈ 𝑉.AND 

EXAMPLES 

Lecture and 

Problem solving 

21/02/2024  Theorem: Generalized Pythagoras Theorem Let 𝑉 be an 

inner product space. Let 𝑥, 𝑦 ∈ 𝑉 such that 𝑥 ⊥ 𝑦. Then ‖𝑥 

+ 𝑦‖ 2 = ‖𝑥‖ 2 + ‖𝑦‖ 2 . Definition of orthonormal set. 

Theorem: Let 𝑆 be a orthogonal set of non-zero vectors in 

an inner product space 𝑉. Then 𝑆 is a linearly independent 

set.AND EXAMPLES 

Lecture and 

Problem solving 



22/02/2024  Corollary: An orhtonormal set in an inner product space 

is L. I. Theorem: (Gram-Schmidt orthogonalisation 

process) Let 𝑉 be a non-zero inner product space of 

dimension 𝑛. Then 𝑉 has an orthonormal basis 

Lecture  

23/02/2024  Examples on Gram-Schmidt orthogonalisation process 

(finding the orhtonormal basis). Theorem: Bessel’s 

inequality. If {𝑤1, 𝑤2, … , 𝑤} be an orthonormal set in 𝑉, 

then ∑|(𝑤𝑖 , 𝑣)| 2 𝑚 𝑖=1 ≤ ‖𝑣‖ 2 for all 𝑢, 𝑣 ∈ 𝑉.  Eigen 

values and Eigen vectors . Definition of Eigen values, 

Eigen vectors and simple examples. 

Lecture and 

Problem solving 

24/02/2024 Definition of Eigen space of 𝑇 associated with Eigen 

value. Eigen space is a subspace. Theorem: Let 𝑇 be a 

linear operator on a finite dimensional vector space 𝑉 over 

𝐹. Then 𝑐 ∈ 𝐹 is an Eigen value of 𝑇 if and only if 𝑇 – 𝑐𝐼 

is singular (not invertible).  Property 1: Let dim 𝑉 = 𝑛. Let 

𝑇 be a linear operator on 𝑉. Let 𝑣1 , 𝑣2 , . .. , 𝑣𝑘 be Eigen 

vectors of 𝑇, corresponding to distinct Eigen values 𝑐1 , 

𝑐2 , . .. , 𝑐𝑘 of 𝑇. Then 𝑣1 , 𝑣2 , . .. , 𝑣𝑘 are linearly 

independent. 

Lecture and 

Problem solving 

25/02/2024  Charateristic Polynomials - Definition of Characteristic 

Polynomial of a matrix and remarks on it. Definition of 

similar matrices. Theorem: Similar matrices have same 

characteristic polynomial 

Lecture  

26/02/2024  Definition of Characteristic Polynomial of a Linear 

operator.  Theorem: Let 𝑐 ≠ 0 be an Eigen value of an 

invertible operator 𝑇. Then 𝑐 −1 is an Eigen value of 𝑇 −1 

Lecture  

27/02/2024  Examples on Eigen values and Eigen vectors, real life 

application (Predatory – Prey problem) 

Lecture and 

Problem solving 

28/02/2024 Examples  Problem solving 

 

 

 


