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Question Bank

Multiple choice questions

1. If o1 and g9 are metric on M, then which of the following is not a metric no M?

01 + 02
2

a) 01+ 02 \)5) 01 — 02 c) d)

2. Consider the following statements.
I) Let (M, o) be a metric space. For any A C M and o = p|4 i.e. o is restriction of
0 to A, then (A, o) forms a metric space.

IT) If (M, 1) and (M, p2) are metric spaces, then (M, o1 + p2) is also a metric space.

Then. ..
a) only I) is true. b) only II) is true.
\/c) both T)and II) are true. d) both I)and II) are false.

3. The set of real numbers with absolute value metric is a metric space, which is usually
denoted by ...

V) B! b) R ¢) Ry d) R®

4. Let (M, 1) and (Ma, 02) be metric spaces and f : My — M,. We say that function
f(x) = L € My as x — a € M from the right, if given € > 0, 36 > 0 such that ...

\/a) 02 (f(z),L) <€, (0<p01(x,a)<0) b) o1 (f(z),L) <e€, (0< p2(z,a) <9)
c) o2(f(z),L) <e, (0<p2(z,a)<0) d)or(f(z),L)<e (0<p1(z,a)<9)

5. Let (M1, 01) and (Ms, 02) be metric spaces and f : My — M,. We say that function
f(z) is continuous at a € My if ...

) lim f(z) = a b) lim f(x) # a
¢) lim f(z) # f(a) VA lim /() = f(a)



. Let (M, ) be a metric space and let {s,} be a sequence of points in M, we say that
sequence s, — L € M as n — oo, if given € > 0,4 N € I such that ...

vé) 0(sn,L) <e€, ¥Yn>N. b) 0(sp,L) <€, Vn e I.
c) 0(sn,L)>e€, Yn>N. d) o(sn,L) =€, Vn > N.

. Consider the following statements.
I) Every convergent sequence in any metric space is a Cauchy sequence.
IT) Every Cauchy sequence in any metric space is a convergent sequence.

Then. ..
\%} only I) is true. b) only II) is true.

c¢) both I)and II) are true. d) both I)and II) are false.

. Which of the following is not a Cauchy sequence in a metric space R'?

e S BEES (O BN G

. In a metric space (M, p) with M = [0,1] and p a usual metric defined by o(z,y) =

|z — y|, the open ball B [1;1] = ...

) (4.9 b (0.3) g 0 D[4

[0

]

. In a discrete metric space M = Ry, i.e the real line with discrete metric, B[0;1] = ...
v 0 b) {1} 0) Rq Q) ¢

. In a discrete metric space M = Ry, i.e the real line with discrete metric, for any
a€(0,1), Bla;i] =...

e
a) {a} b) {2} V) Ra d) ¢
. For any a,b € R! with a < b, which of the following is an open set in R'?
a) la,b) b) [a, b] c) {a} Vo) (a;b)
. In a metric space intersection of an infinite number of open sets is ....

\f) need not be an open set b) always an open set

c) is closed set d) neither open nor closed set



14.

15.

16.

17.

18.

19.

20.

21.

Every subset of discrete metric space Ry is ....

\ﬂ) both open and closed in R,. b) open but not closed in Ry.

c¢) closed and not open in Ry. d) neither open nor closed in Ry.

Consider the following statements.

I) If E is any subset of metric space M then E C E.

IIf E is any subset of metric space M then E is closed subset of M if E = E.
Then. ..

a) only I) is true. b) only II) is true.
\y) both I)and II) are true. d) both Iand II) are false.
In any metric space (M, ), M and ¢ are. ..

a) open but not closed b) closed but not open

¢) neither open nor closed \}zb both open and closed
In a metric space union of an infinite number of closed sets is ....
\%) need not be a closed set b) always a closed set

c) is open set d) neither open nor closed set

If f: R' — R! defined by f(z) = = — 1, then the inverse image of the open set (0, 1)
is ...

Vo (1,2) b) [1,2) c) (1,2] d) [1,2]

Consider the following statements.

I) There exists a suset A of a metric space Ry such that A=R,.

IT) There exists a suset A of a metric space R!' such that A = R! .
Then. ..

a) only I) is true. \M only II) is true.

c¢) both I)and II) are true. d) both I)and II) are false.

Which of the following is not a closed subset of R'?
a’) {(L} \/b) (_007 CL) C) (_OO) OO) d) [a’a OO)

Let (M, o) be any metric space and let A be any nonempty subset of M. If a € A and
Bala;r] = {z € Alo(a,x) < r},Bypla;r] = {z € M|o(a,z) < r} then ....



a) Barla;r] = AN Bala; 7] b) Bala;r] = AU Bysla; 7]
¢) Buyla;r] = AU Bala; 7] \/I') Bala;r] = AN Byyla; 7]

22. If M is connected metric space then. ...

a) M has a proper subset which is both open and closed.
\/B) M has no proper subset which is both open and closed.
c) M is not open.

d) M is not closed.

23. In a usual metric space R!, the set A = (0,1]U[1,2]is ...

a) an open set in R!. b) a closed set in R!.

\y) a connected set in R!. d) compact set in R

24. If x is a continuous characteristic function on a connected metric space M, then ...

Vo X(@) = c,Vz € M where ¢ € {0,1}. b) x(z) =0,Vz € M.
c) x(x) =1,V € M. d) x(z) =¢,Yr € M and c ¢ {0, 1}.

25. If A is not a connected subset of R! then ...

a) A may be a singleton set.
b) A may be an interval.
¢) A may be union of intervals with nonempty intersection.

\)n A may be union of intervals with empty intersection.

26. Consider the following statements.
I) If A is any connected subset of metric space M, then A is also connected.
IDIf A, B are any connected subset of metric space M and A C C C B, then C is

also connected.

Then. ..
a) only I) is true. b) only II) is true.
c¢) both I)and II) are true. d) both I)and II) are false.

27. If A= (0,00) C Rg, then diam(A) = ...

a) 0 \/f)) 1 c) oo d) ¢, where ¢ € (1, 00)



28.

29.

30.

31.

32.

33.

For any a,b,c € R, which of the following subset of metric space R' has a diameter
different from b — a?

a) (a,?b] b) (a,b) c) l[a+e¢,b+ (] vd) [ac, b

Consider the following statements.
I) Every totally bounded set is bounded.
IT)Every bounded set is totally bounded.

Then. ..
\%) only I) is true. b) only II) is true.
c¢) both I)and II) are true. d) both Iand II) are false.

The statement that “If (M, p) is a complete metric space and if 7" is a contraction on

M, then there is one and only one point x € M such that Tx = x ” is called ....
\70 Picard fixed point theorem b) Nested Interval theorem
c¢) Picard contraction theorem d) Picard completeness theorem

Which of the following condition is satisfied by a contraction operator p on a metric
space (M, 0)?

a) o(Tz,Ty) < j0(x,y), Yo,y e M \f) o(Tx,Ty) < jo(x,y), Yo,y € M
c) o(Tz,Ty) < o(w,y), Yo,y € M d) o(Tz,Ty) = o(x,y), Yo,y € M

If T is contraction mapping on metric space M then ....

a) T is decreasing b) T is increasing
\/) T is continuous d) T is constant
The statement that “If (M, p) is any complete metric space and for each n € I, F, is

a closed bounded subset of M such that

(a) i DFD---DF, DFp1 D,
and

(b) diam F,, — 0 as n — oo,

then (,~, F;, contains precisely one point.” is called .. ..

a) Picard fixed point theorem \y) Generalized Nested Interval theorem

c¢) Picard contraction theorem d) Picard completeness theorem



34. The metric space [a, b] with absolute value metric is .. ..

a) complete but not totally bounded b) totally bounded but not complete

\;/) both complete and totally bounded  d) neither complete nor totally bounded

35. If a metric space (M, p) has Heine - Borel property, then M is ...

Vé) both complete and totally bounded  b) neither complete nor totally bounded

c¢) complete but not totally bounded d) totally bounded but not complete

36. Consider the following statements.
I) If a metric space (M, p) is compact then M has the Heine-Borel property.
II) If a metric space (M, o) has Heine - Borel property, then (M, ) is compact.
Then. ..

a) only I) is true. b) only II) is true.
\/) both I)and II) are true. d) both I)and II) are false.

37. If A is a closed subset of the compact metric space (M, o), then the metric space (A4, o)
is ...

\9/) both complete and totally bounded  b) neither complete nor totally bounded

c¢) complete but not totally bounded d) totally bounded but not complete

1 1
38. The family of open intervals <, 1-— ) n =3,4,5,... is an open covering of ...
n n

\%) the metric space (0,1) with absolute value metric
b) the metric space [0, 1] with absolute value metric
c¢) the metric space (0, 1] with absolute value metric

d) the metric space [0, 1) with absolute value metric

39. If a real valued function f is continuous on the closed bounded interval [a, b] then ...

vé) there exists atleast one point x € M such that f attains its minimum value at
.

b) there exists only one point x € M such that f attains its minimum value at x.

c) there exists atmost one point x € M such that f attains its minimum value at
x.

d) None of these



40. If a real valued function f is continuous on the compact metric space M then ...

\/1) there exists atleast one point x € M such that f attains its maximum value at
x.

b) there exists only one point € M such that f attains its maximum value at x.

c) there exists atmost one point z € M such that f attains its maximum value at
x.

d) None of these

Questions for 8 Marks

1. Define Metric space. Show that the function ¢ : R™ x R — R defined by

NI

Q(x7y) - [Z(xk - yk)2] » T Y € Rny

k=1
where R" = {z = (x1,29, -+ ,x,) 12y € R, k=1,2,--- ,n }, forms a metric on R™.

2. Let (M, p) be a Metric space and a be any point in M, also let f and g be any real
valued functions whose domains are subsets of M. If lim f(z) = L and lim g(x) = N,
Tr—a T—a

then show that
(a) lim [f(x)+g(z)]=L+ N

r—a

(b) lim [f(z) - g(a)] = L- N

r—a

3. Define open ball B[z;r| in a metric space (M, 0). Show that any open ball in a metric
space (M, o) is an open subset of M.

4. Let (M, 01) and (Ma, p2) be metric spaces and let f : My — Ms. Show that f is
continuous on M if and only if f~!(G) is open in M; whenever G is open in M.

5. Define limit point. Show that for any subset E of metric space (M, ), x € M is a
limit point of E if and only if every open ball B[z;r] about x contains at least one
point of E.

6. Let (My,01) and (Ms, 02) be metric spaces and let f : M; — M. Show that f is
continuous on M if and only if f~!(F) is closed in M; whenever F is closed in Mj.

7. Define open set and closed set. Show that in any metric space (M, g) complement of
open set is closed set and that of closed set is an open set.

8. Define closure of a set in a metric space. Show that in any metric space (M, o), for
any subset E of M, its closure F is closed set in M.

9. Show that every totally bounded subset of a metric space is bounded.



10.

11.

12.

13.

14.

15.

In a metric space (M, ), for any proper subset A of M show that the subset G 4 of A
is an open set in (A, p) if and only if there exists an open subset Gjs of (M, g) such
that G4 = AN Gyy.

Let (M, o) be any metric space. Show that M is connected if and only if every
continuous characteristic function on M is constant.

If (M, o) is any complete metric space and T' is a contraction on M, show that there
is one and only one point x in M such that Tx = z.

If (M, ) is any complete metric space and for each n € I, F,, is a closed bounded
subset of M such that

(a) i DF, D> DF,DFu1 D,
and

(b) diam F,, — 0 as n — oo,
then show that (7, F, contains precisely one point.

Define comapact metric space. Show that the metric space (M, p) is compact if and
only if every sequence of points in M has a subsequence converging to a point in M.

Show that the metric space (M, p) is compact if and only if, whenever § is a family
of closed subsets of M with the finite intersection property, then [ reg ' # 0.

Questions for 4 Marks

. If o and o are metric on M then show that o + o is also a metric on M.

If ¢ is a metric on M and k > 0 then show that ko is also a metric on M.
Show that any Cauchy sequence in a metric space Ry is convegent.

If {z,} is a convergent sequence in a metric space Ry then show that there exists
N € I such that

TN =TN41 =TN42 = """ .
Show that the function ¢ : R x R — R defined by

ofz,y) = v —yl, 2,y € R,
forms a metric on R.

Show that the function d : R x R — R defined by

1, z#y,
d(z,y) =
0, z=uy,

forms a metric on R.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Show that every open interval in R! is an open set.

Show that arbitrary union of open subsets of a metric space M is also an open subset
of M.

Show that finite intersection of open subsets of a metric space M is also an open
subset of M.

Show that every subset of a metric space R, is an open set.

Show that arbitrary intersection of closed subsets of a metric space M is a closed
subset of M.

Show that finite union of closed subsets of a metric space M is a closed subset of M.
If G is an open set in a metric space M then show that G’ is closed.

If F is a closed set in a metric space M then show that F” is open.

Show that any finite subset of a metric space is closed.

Show that the metric spaces R' and R, are not homeomorphic.

If f is a continuous function from a connected metric space M7 into a metric space
My then show that the range of f is also connected.

Giving an example prove that the union of two connected subsets of a metric space
need not be connected.

Prove that if A is connected subset of a metric space M then A is also connected.

If A is totally bounded subset of a metric space R; then show that A contains finite
number of points.

Show that every finte subset of R, is totally bounded.

Giving an example of an infinite subset of metric space [2, prove that every bounded
set need not be totally bounded.

If A is a closed subset of complete metric space (M, o) then show that (A,p) is
complete.

Show that any contraction operator on a meric space M is continuous.

Show that the operator 7" on [0, 5] defined by

1
T(x):a:Q, nggg,
is contraction.

If A is a closed subset of compact metric space (M, o) then show that (A, o) is also
compact.
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27.

28.

29.

30.

If (A, p) is a compact metric space, where A is subset of a metric space (M, g) then
show that A is closed subset of (M, p).

If f is a continuous function from the compact metric space M; into a metric space
My then show that the range f(M;j) of f is also compact.

If the real valued function f is continuous on the compact metric space M show that
f attains its maximum value at some point of M.

Giving an example show that every connected subset of R! need not be compact.

Q@@a0aaa@



