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** FOURIER SERIES **

Introduction: In many physical and engineering problems,
particularly those connected with vibration and conduction of heat,
it is more useful to be able to express a real valued function in
series of sines and cosines. Most of the single valued periodic
functions which occur in applied mathematics can be expressed in
the form

a
50 + aijcosx+arcos2x + ... + a,cosnx + ...+

+ bisinx + bosin2x + ... + bpsinnx + ...
3 o0 o0
= 50 + z; apcosnx + zzl bpsinnx
n= n=

is called the Fourier series, where
ap, a1, a2, ..., an, ..., b1, bo, ..., by, ... are constants.



** USEFUL INTEGRALS **

The following integrals are useful in Fourier Series.
27 27
(/)/ sinnxdx = 0, (ii)/ cosnxdx = 0,
0 0
27 27
(iii)/ sin*nxdx =, (iv)/ cos®nxdx =,
0 0
27 27
(v) / sinnx - sinmxdx =0, (i) / cosnx - cosmxdx = 0,
0 0

27 2
(vir) / sinnx - cosmxdx = 0, (viii)/ sinnx - cosnxdx = 0,
0 0
(ix)sinnm =0, cosnm = (—1)" where nel

(x) / uvdx = uvy — U'vo + vz — " vy + ...
ax
(xi) / e sinbxdx = ﬁ(asinbx — bcosbx)

ax

m(acosbx + bsinbx)

(xir) / e cosbxdx =



Determination of Fourier Coefficients: (Euler’s

Formulae)
Let
f(x) = %+alcosx + aco0s2x + ... + apcosnx + ...+
+ byisinx 4 bysin2x + ... + businnx + ... (1)
(i) To find ap : Integrate both sides of (1) from x = « to

X=a«a+27

a+27 a0 a+27 a2
/ f(x)dx = — / dx + a1 / cosxdx+
o 2 e (0%

a2 a2
+ 32/ cos2xdx + ... + a,,/ cosnxdx + ...+
(6% (6%
a+27 a2
+ by / sinxdx + by / sin2xdx + ...+
(0% (0%

a2
+ b,,/ sinnxdx + ...
(e}



2

ag a+2m
=21 =3 = / f(x)dx
2 T Ja

a+2m a0 a+-2m
/ f(x)dx :/ dx (otherint. =0 by (i) and (ii))

To find a,: multiply each side of (1) by cosnx and integrate from
X=atox=a+27
a+2m

a2 a0 a2
/ f(x)cosnxdx = > / cosnxdx + ai / cosnxcosxdx—+
« (6%

«
a2

a2
+ as / cosnxcos2xdx + ... + ap / cos® nxdx + ...+
(e} «

a2 a+2mw
+ by / cosnxsinxdx + by / cosnxsin2xdx + ...+
« (0%

a+27
+ b, cosnxsinnxdx + ...
«



a+2mw a+2mw
/ f(x)cosnxdx = a, / cos? nxdx
«

[e%
= apm (other int.=0 by above formulae)

1 a+2m
ap = / f (x)cosnxdx

T
By taking n =1,2,3,... we can find the values of a7, ay, ...
To find b,: multiply each side of (1) by sinnx and integrate from

X=atox=a+27
a+2m a2

a2 ao
/ f(x)sinnxdx = > / sinnxdx + aj / sinnxcosxdx-+-
« (e}

«
a+427

a+27
+ a» / sinnxcos2xdx + ... + an/ sinnxcosnxdx + ...
« «

a2 a2
+ by / sinnxsinxdx + by / sinnxsin2xdx + ...+
o «

a+2m
+ b, sin®nxdx + ...

a



a+-2m a+-2m
/ f(x)sinnxdx = b, / sin? nxdx
[0

= b,m (other int.=0 by above formulae)
1 a2
b, = / f(x)sinnxdx

™

By taking n =1,2,3, ... we can find the values of by, by, ...
Corol 1. When a = 0, the interval becomes 0 < x < 27 and

above formulae becomes

2T
an :/ f (x)cosnxdx
0

27
b, :/ f(x)sinnxdx
0



Corol 2.:

When o« = —r, the interval becomes —7 < x < 7 and above
formulae becomes

1 ™
ao —; . f(X)d
1 T
an :/ f(x)cosnxdx (A)
™ —T
1 [7 .
b :/ f(x)sinnxdx
™ —T

Fourier Series in Change of Interval:

27X
f(x) = §+alcos( " )+ axcos( 7CT )+ .+ a,,cos( ) + ..+

27X
+ bls/n(—) + bysin(— ) + ... + bpsin( n:x) + ...

(1)



(i) To find ag : Integrate both sides of (1) from x = « to
X =a+2c

a+2c a+2c a+2c
/ f(x)dx = il dx + a / cos( TFX)dX—F
« 2 « «

a+2c 2 x a+2c
—|—32/ cos(— e )dx+ +a,,/ cos(nicx)dx-
(e (03

a+2c a+2c 2
+ ...+ bl/ sin(ﬂ—x)dx + b2/ sin( 7TX)dx—i—

a+2c
+...+b,,/ sin(ﬂ)dx—k...
a (o

a+2c ao a+2c
/ f(x)dx :2/ dx (otherint. =0 by (/) and (ii))

ao a+2c
=—2c = a= / f(x)dx
2 c Jo



To find a,:

multiply each side of (1) by cos("2*) and integrate from x = o to

X=a+2c

a+2c
/ f(x)cos(nicx)dx =

3 a+2c
0 / COS(L:)dX—I—

2 Ja

a+2c

+ al/ cos(ix)cos(ﬂ—x)dx—i—
a+2c 27X

+a2/ cos(m;X)cos( - )dx+ 4
a+2c

/ cos? )dx+ ~+

a+2c

+ by cos( 7TX)sm( )Ydx+
o c c
a+2c 2 x

+ by cos(mTX)sin( ™ )dx + ...+
o c c
a+2c

+ by cos(?)sin(?)dx + ...

Q



a+2c a+2c
/ f(x)cos(@)dx = a,,/ cos (mrx)dx
(03 c [e%
= apc (other int.=0 by above formulae)

1 [ot2e nmwx
n=— f —)d
a C/a (x)cos( c )dx

To find b,: multiply each side of (1) by sin("2*) and integrate
fromx =atox =a+2c

a+2c a+2c
/ f(x)s/n(”LCX)dXZ % / sm(mCrX)dx+

a+2c
—i—al/ sin(mTX)cos( )dx+
c
(0%



a+2c 2

bz/ sm(?)sin(i)
a+2c

b,,/ sin (Tx)dx—i—
a+2c

b,,/ sinz(ﬂ)d



Corol. 1:

When o = 0, the interval becomes 0 < x < 2¢ and above formulae

becomes
1 2c
ao :C/o f(x)dx
1 2c
an :C/o f(x)cos(nicx)dx
1 2c
by == / F(x)sin( ) dx
c Jo C
Corol. 2:When o = —c, the interval becomes —¢c < x < ¢ and

above formulae becomes

(s}

1

a0 =~ /C f(x)dx
1 [ nmwx

n—— f _

a C/—c (x)cos( c )dx
1 [ nmx

n —— f in( ——

b c/ (x)sin( c )dx

|
a



Even and Odd Functions:

When f(x) posses certain symmetrical properties about origin, the
determination of coefficients in its Fourier expansion becomes quite
simple.

For the function f(x) to be odd or even, it must be defined in an
interval, where origin is the mid-point of the interval i. e. f(x)
must have interval —7m < x < 7.

Even Function: f(x) is said to be an even function in

—m < x <, if f(—x)=f(x).

Thus functions x2, cosx, xsinx are even functions in —7 < x < 7.
Graphically an even function is symmetric about y-axis. Thus for
even function f(x) defined in the interval —m < x < 7, the Fourier
coefficients ag, an, b, given in (A) are reduced as follows.

2= [ f()dx

™J—r

:l {/ f(x)dx+/ f(_x)dx] (Since by integral theorem)
0 0

™



1[ / F(x)dx + / f(x)dx] (Since F(—x) = F(x)
T LJo
_2 / F(x
T Jo
and
1
ap = / f (x)cosnxdx
7r
_L [/ f(x cosnxdx—i—/ f(—x)cosn(— )dx} (Since by int. theore
T LJo
! [/ f(x)cosnxdx+/ f(x)cosnxdx} (Since f(—x) = f(x)
T LJo 0
2 ™
:/ f(x)cosnxdx
T Jo

Similarly,



o
3
I

f (x)sinnxdx

/ f(x)sinnxdx+/ f(—x)sinn(—x)dx] (Since by int. theorer
0 0

Nl 3= N

[ u— T — |

/07r f (x)sinnxdx — /(: f(X)S"””XdX] (Since f(—x) = f(x)

Il
o

Odd Function: f(x) is said to be an odd function in —7 < x < T,
if f(—x) = —f(x). Thus functions x3, sinx, xsinx etc are odd
functions in —m < x < m. Graphically an odd function is
symmetric about origin. Thus for odd function f(x) defined in the
interval — < x < m, the Fourier coefficients ag, ap, b, given in (A)
are reduced as follows.

aozl/ f(x)dx
™

—T

= {/ f(x)dx+/ f(—x)dx] (Since by integral theorem)
0 0

1
m



ao :% {/OW f(x)dx — /07r f(x)dx} (Since f(—x) = —f(x)
=0
and
an :% /7; f(x)cosnxdx
:% [/OW f(x)cosnxdx + /07r f(—x)cosn(—x)dx} (Since by int. theore
:% [/Oﬂ f(x)cosnxdx — /07r f(x)cosnxdx} (Since f(—x) = —f(x)

I
o

Similarly,



/_ f(x)sinnxdx

[ / x)sinnxdx +

J,
1 {/0 SInn><dx+/0 f(x smnxdx] (Since f(—x) = —f(x)

alm ale

f(—x)sinn(— )dx] (Since by int. theorer

T
—2/ f(x)sinxdx
=

Fourier series for Discontinuous functions: Let the function
f(x) be defined by

f(x) =f(x), a<x<xp
=h(x), xo<x<a+27m

where xp is the point of discontinuity in the interval (o, a + 27)



In such cases also, we obtain the Fourier series for f(x) in the
usual way. The values of ag, a,, b, are evaluated by

1 > a2

ap =— / fi(x)dx +/ fz(x)dx}
T LJa X0
1 ) a+27r

ap =— / f1(x)cosnxdx + / fg(x)cosnxdx]
T LJa X0
1 r rxo a+2mw

b, == / fi(x)sinnxdx + / fz(x)sinnxdx]
™ 0%

X0

If x = xg is the point of finite discontinuity, then the sum of the
Fourier series

1. .
2 [Erto-n Eyen o3

= [Flx0 — 0) + F(30 + 0)]



Sine Series:

If it be required to expand f(x) as a sine series in 0 < x < c; then
we extend the function reflecting it in the origin, so that

f(—x) = —f(x).

Then the extended function is odd in (—c, ¢) and the expansion
will give the desired Fourier sine series:

> . nmTX
f(x) = Z_:l bnsmT
where
c
b = 2/ f(x)sin@dx
c Jo c

Cosine Series:

oo
f(x) = N4 Z bncosm%x
n=1

where



Ex. 1.

Find Fourier series for the function f(x)
Solution: Let

o o0
f(x) =ap + Z apcosnx + Z bnsinnx

n=1 n=1

where

3

1 2
/ f(x)cosnxdx ,
K 0

1

T

27r
/ cosnxdx ,
0

:@,0<x<2w.
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=0

Putting the values of ag, a, and b, in series (1), we obtain
required Fourier series as

o)
T cosnx
f(X) = E + E 7

n=1

Ex. 2 Obtain the Fourier series for f(x) = e * in the interval
0 <x<2m.
Solution: Let

00 [e's]
f(x) = % + Z ancosnx + Z bpsinnx , (1)
n=1 n=1

1 2 1 2w
ap = / f(x)dx = / e Xdx
T Jo T Jo

where



1 —x12m 1 _ e—27r
K [ 1 }o T ,
1 27 1 2
= / f(x)cosnxdx = = / e Xcosnxdx
K 0 ™ Jo

27
m |: - ( cosnx + nsmnx)] . s

_ 1—e2m 1
N T n”P+1"

1 27 1 27
_/ f(x)sinnxdx = / e *sinnxdx
0 0

™

)

1 |: _X( . ):| 2w
=< | € —SIinnxX — ncosnx y
w(n?+1) 0

_ 1—e 2 n
o T n”2+1"




Putting values of ag, a, and b, in (1), we get

., l—e?(1 1 1 1
e " =—< — + | =cosx + =cos2x + —cos3x + ... |+

T 2 2 5 10
+ L + 2si 2x + 3 in3x +
—sin —sin — N
25[ X 55[ X 105! X
Ex. 3 Find a Fourier series to represent x — x? from x = —7 to

X = Tr.
Solution: Let

0o oo
F(x) = % + " ancosnx + Y _ bysinnx (1)
n=1 n=1

where



1 ™

an = (x — x?)cosnxdx ,
:% [(X B Xz)sinnx (1 2x)- (_cons2nx) (—2). (_si:gx)} )
A1)
==,

bp, :% /7r (x — x?)sinnxdx ,
o= Em) 29 (T 4 o) (-
2y

Putting values of ag, a, and b, in (1), we get

5 w2 cosx  cos2x  cos3x  cosdx
+ - + .o+

XoxX =gt T 32 e



5 sinx  sin2x n sin3x  sindx
1 2 3 4

Ex. 4 Expand f(x) = xsinx as a Fourier series in [0, 27].
Solution: Let

0 [e’e]
f(x) = % + Z apcosnx + Z bpsinnx |
n=1 n=1

where
1 27 1 2
ag =— / xsinxdx = — [x(—cosx) -1 (—sinx)}
™ Jo s 0
1 27 1 27
ap=— / xsinxcosnxdx = — / x(2cosnxsinx)dx
™ Jo 21 0
1 2
=— / X [sin(n + 1)x — sin(n — 1)x] dx
2w 0
1 _ _
1, cos(n+1)x N cos(n—1)x\|
2w n+1 n—1



R Tl
_1 [2%{ _cos2(n+1)m n cos2(n — 1)7r}] _ n22_ : i 1)

27 n+1 n—1
when n=1,

1 2 27

— / xsinxcosxdx = — / xsin2xdx

K 0

[ < c052x> <—sm2x>] 2m 1

X . = ——,
4 0 2

1 27 27

=— / xsinxsinnxdx = — / x(2sinxsinnx)dx
™ Jo

1
27T/0 [cos n—1)x — cos(n+1) ]dx



bn: 1 [ {sm(n—l) +sin(n+1)x}

n—1 n+1
{ cos(n —1)x cos(n—l—l)xH27r
(n—1)2 (n+1)2 o
cos2(n—1)m  cos2(n+1)w 1 1
H (n—12  (n+1p ‘<n—1>2+(n+1)2H
=0 (n#
when n =1,

1 27 1 27
by _/ xsinxsinxdx = / x(1 — cos2x)dx
™ Jo 2w 0

B sin2x ) x2 N cos2x\ 127 B
I\ 2 2 a )], T

Substituting the values of a’s and b’s in (1), we get




sin 1+ 7wsin 1cos + 2 cos2x + 2 cos3x +
XSInNX — — nx — — X - X - X
T 2 2 _1 32 _1

Ex. 5 Find the Fourier series expansion of f(x) = 2x — x2 in (0, 3)
and hence deduce that

1 1 N 1 1 N 2
-~ >S5t —55+..—00=_—
12 22 32 42 12

Solution: Let
a > nmx nmx
f(x) = ?O + z; ancos—— + Z:l bnsin? ,where 2c =3. (1)
n= n=

where

1 f2¢ 2 3 2 313
aO:C/O f(x)dX:3/O(x—xz)dx:?)[xz—);]ozo



2c 3
an :1/ f(x)cosﬂdx = 2/ (2x — x2)c052mrxdx
c Jo c 3Jo
2 sin2nmx/3 cos2nmx/3
—Zl(ax — x) A2 (o oy = ERETA/2
3 [( X=X ) s X)< (2n7/3)2 >+
sin2nmx/3\1° 9
o) 2= -
o= G ], e

1 2 3 2
/ f(x sm—dx = / (2x — x?)sin X i
0 3 Jo 3

i P 32,

Substituting the values of ag, ap,, b, in (1), we get



o0

9 2nTx 3 2nTx
2 o .
2X — X° = — E ) cos 3 + nE_l — sin 3

n=1

Putting x = 3/2, we get

3—9:—i o cosnT or_icosmr:wj‘é
4 — n2m2 — n? 9 4
or
1 1 1 1 w2
?_272+¥_472+:E

Ex. 6 Find the Fourier series for

f(t)y=0 ,—2<t<-1
=14+t ,-1<t<0
=1—-t ,0<t<l1
=0 ,1<t<?2



Solution:
Let

o0 oo

t t

f(x) = ? + Zl ancosn% + Zl a,,sinn%
n= n=



1 nmt 2 nmt 2 0
== 1 in—). — — (1)(—=cos—) - (=)2
an 2{[( +8)(sin"20) = = (1)(—cos0) (mg]_l

nmt 2 nmt 2 1
1—t)(sin—)  — — (=1)(—cos—) - (—)?
+[( )(sin™5) - = = (~1)(~cos ™) (m>]0
1| 4 4 nm 4 nm 4
2| T e T e T
= 4 1 cosn7T
22 2 )7
1 /2 . nmt
bn :E /2 f(t)sdet

1 0 t 1 t
= 0+/ 1+ t)sin "~ dt+/ (1— t)sin "t +0
2 2 . 2

-1



nmt, 2 nmt 2
1 t)(—cos 2oy 2 (—1)(—sin 2hy (2
|- e 2 ()3 (2
1 2+ 4 S.n 4 s I‘I7T+2
=—|— —+ —5—5sin— in— 4+ —
2 nt nw2 2 2r27 2 nw]
=0,

Substituting the values of a’s and b’s in (1), we get

f(t)—1+§: ! 1— cos™" ) cos ™
4 nPr 2 2



Ex. 7

Expand f(x) as the Fourier series of sine terms.

1
f(X):Z_ ,if0<x<§
1
=x— ,|f§<x<l

Solution: Let

where

sm—

/ 1
[/ f—x 51n71TXdX—|—/1/2(X—2)

l—l\l\)ﬁ

nmwx
sin EE dx



cosnTx sinnmx )] Y 2_|_

b =25~ =) — (1)~

nm n2 T 2
3 cosnmx sinnmx
w2 DT -]

) 1 nm 1 . n 1 n
=2|—cos— — ——=sin— + —
4nm 2  n?m27 2 4nrw

+2 1 cosnm + 0 ! cosn7T L Si| n
- nm _— —_— — ——F=SIN—
4nr 4nm 2 n?p2 2
sinnm /2
1—-(-1)"-
=5 [ (1) - 45
Hence
1 4 1 4 1 4
f(X) = (; — ﬁ)sinﬂ'x + (y — W)Sm?mx + (a - ﬁ)SinFyn—X + ...



Ex. 8

Obtain a half range cosine series for

f(x) =kx ,0<x<1/2
=k(l —x) ,1/2<x <.
Deduce the sum of the series
1 1 1

Solution: Let

where



o[ [1/2 I
an =7 [/ kxcosnilxdx + / k(1 — x)cosmrlxdx}
0 I

2k . nmx /
= [x(sm) (—) = (1)(—cos—

2k /
AR N
2k [ 12 nm 2
=— | z=—sin— COS—
| | 2nm 2 n2m2 2
N 2k 2 2 n
—_— osn —SIn
/ 2720 = 5
2kl nm
nTﬂ_Z[ZCOS? — 1 — (—l)n]

/

/2



Substituting values of ap and a, in series (1), we get

kI 8kl [ 1 2nx 1 6mx 1 107x ]
f(x)=—— —

4 | R e e

Putting x = /, we get

o K Ba[l 11
4 g2 |22 62 102 T
On simplifying, we get
1 1 1 w2

Some useful results:
2sinAcosB =sin(A + B) + sin(A — B) ,2sin’x = 1 — cos2x

2cosAcosB =cos(A + B) 4 cos(A — B) ,2cos’x = 1 + cos2x
2sinAsinB =cos(A — B) — cos(A + B)
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