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*Definition: An equation involving
differential coefficient or differentials is
called differential equation.

. If the differential coefficient
be ordinary the equation is called
ordinary differential equation.

* |f they be partial differential
coefficient is called partial differential
equation.
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Above all equations are differential equations
out of which 3™ equation is partial

differential equation and other are ordinary
differential equations.



Order &degree of a differential equation:

*The order of a differential equation is
the order of the highest order
derivative involved in the differential
equation.

*The degree of a differential equation
is the power of the highest derivative
involved in the equation.



Determine order and degree of
the following equations

P oy | 2
M= Xax ™ X eorder=1 degree =2
ay ay
jf=IE+4J1+[E}3 corder =1 degree =3

i 3 3
4y }z |L}x=\l1.|_E corder =3 degree=1



*Solution of differential equation:

*A relation in all the variables, dependent as well as independent which
does not contain any derivative and satisfies the given differential
equation, is called a solution of that differential equation.

*General Solution of differential equation:
*A solution of differential equation along with all its arbitrary

constants, is called general Solution of differential equation.

*Particular Solution of differential equation:

*By assuming specific values to the arbitrary constants, as per
the initial conditions given along with the differential
equation, we get a particular solution of differential equation.



he ordinary differential equation of first order
and first degree

L

.
= — (X )

can be classified as

*Method of separation of variables
*Equations homogenous in x and y

*Non-homogenous equation
*Exact differential equation

*Linear differential equation




Type 1: Method of separation of variables
General form

flr,y)dr+ glx,y)dy =10
Where {2, ) and g[:r:, ,‘}-’]

are functions of x & y
If after rearrangement, the above equation can be written as

flx)dy + gly)dy = 0
i.e. variable separable form
Its solution, obtained by integration, given by

‘. flx)dx + ( glyldy =c

Where c is a constant of integration



olve

(¢ + 1)cosxd + &' sinxdy = 0

Dividing byle” + 1) sinx




Ex 2: Solve
(EI -2y 1 E)dx - (35 -V 1)53:1’ =0 Integrating both sides we get

C - : v+l

Solution: Given equation can be written as J‘ yr {Ev - _ J‘ dx + ¢
dy 2x — 2y + 3
dx  x — v+ 1

— 2(x-y)+3 [1) f[]. —1/[F+2)]diﬂ - _I'I'I.r:

I
Put-(x —jf) =V i
dy dv [dv - [—dv=-x+c
 dx  dx i
Jav _, av
e d v—loglv+2)=-x+c

Hence equation (1) becomes
a? 217 + 3

TG T o1 x—y-loglx-y+2)=-x+¢
dv . 2v + 3 ; ;
dx v+ 1 2x—y-loglx—yv+2) =¢
. —ur—2
w1
w2 Where c is constant of integration.
vl Which is required solution.
r+1
— dir = —dx



Homogenous Equations:

An equation of the dy _ flx,.»)
type dx  glx, v)

Where f and g are homogenous expressions in x and y and
of same is called homogenous differential of 15t order & 15t degree.

Method of solution:

: S dy flx,y)
Given equation 1s — = el
. dx  glxy)
Puty =v X
Differentiate w. r. t. x dy dv
—— = v+ x -
dx X
: d d
Hence equation (1) becomes F[v]y_ = = f

Which is in variable separable type. Now integrating
& resubstuting v = y/x we get required solution.



Ex 1: Solve yde— (¢ 473y = 0

Solution: Given equation can be written as

dy = x%y
dx  x% 4 y3 Ex 2: Solve
Puty =v x , L, dy dy
. . P-- 4+ x5 == XY=
Differentiate w. r. t. x 4, di dx dx
= = 4+ x—
dx dx

Hence equation (1) becomes

ad i xF s
L?_|_H=;";:E—I—:I::gvg
xdr 17
Tdx 1 + 12
1+ 122 dx
T e T T T x

Integrating we get

logy — =
g'} 3:5__?3

Which is required solution.



Non-homogenous equation:

An equation of the type & _ ax+by+¢c
dx a'x+ b'y+c’

Where a, b, ¢, @, b’, ¢’ are constants is called Non-homogenous
differential equation of 1%t order & 15t degree.
Method of solution:

) . . . bc'—cb’ " ca' —c'a
Given equation is Let these valuesbe 7 =—"—o5 ., k=—"—0
dy_extby+c Provided that 45" — o'p = 0
dx a'x+byv4c
When £ = = Using above values in equation (1) we get
(i § o
: : i X+BY
Use the transformation equations ===
da a X+br¥
x=X+h, y=V+k
~dx=dX, dy=dY This is homogenous equation & can be solved by

Hence we have the method of homogenous equation.

And ax + by + ¢ = aX +bY + (ah + bk +c) If the solution of this equation be,
i adx+bhy+c=aX +0Y +(@h+ bk +c) F(X,Y) = C then solution of the equation (1) is

Now find the values of h & k by F(x-h,y-k)=c
solving simultaneously Ex 1: Solve [3}? —Tx +7)dx + [73}; 3 +3) dy =0

ﬁh'l‘bk‘l‘l'::ﬂ & ﬂ!h'l'b“k‘l'lf!:{] Ex 2: Solve [Zx_y_l. 1]dx.|. [ZH.r_x_le}?:B



Solution: Given equation can be written as

dy y-2x-1 o |
d; - 2 P (1] This is homogenous equation.
X y-x- :
‘ uty = vX
Herea=-2,b=1,a"=-1,b"=2 P ;
o b sty =dX , ﬂh}? =d¥
- = == o
. . H ‘ p)
Use the transformation equations ence equation (2) becomes
= r="7Y dv2X —vX
x=X+h, y=V+k y+,ﬁ'dﬁ=2x «
Ldy=dX . {h? =d¥ 1A —

HEneehelhave Simplifying and integrating we get

1 3
y=2-1=-2+V+(-2h+k-1) (X -V)Z(x+ V) Ix 1 =¢

And NOW i - = \/-
, putting X=x+1/3 Y=y-1/3
y-x-1=-X+2V4(-h+2%k-1) we get required solution.

Now find the values of h & k by solving simultaneously

-h+k-1=0 & -h+2k-1=0

1 1

sh=—= , k=—

3 3
Using above values in equation (1) we get
dy —-2X4Y 2X-VY

dy  —X+2¥ 2¥—x "7

=(2)



Exact differential equation:

A differential equation which is obtained from its primitive by
differentiation only and without any operation of elimination or
reduction is called as exact differential equation.

If u=c be the primitive where u is a function of x, y then

on differentiating we get
di dit

du=0 Le.—dx+—dyv=20
U e Py I-|-a}? )
This is exact differential equation.

Necessary & sufficient condition for exactness:
The necessary & sufficient condition for the equation
Mdx + Ndy=0beexactis 2ZM _ IN

ay adx

Method of solution:

J M dx + J(tmﬁns N free fromx jdy=c

v=constant



Theorem: To determine the necessary and sufficient condition for a
differential equation of first order and first degree to be exact

Statement: The necessary and sufficient condition for the differential

equation  dx+ N dy =0 to be exact is 37 = -
Proof: Let M dx+ Ndy =0 .......... (1) be-exact, to prove 7~ A (2)

Necessary Condition: Let (1) be exact. Hence by definition, there exist a
function 7(»,y) of x and y, such that d[r(x,y)] = fdx +—dy Mdx + Ndy.

...(3)
Equating coefficients of ¢x and dy in (3), we get

M=2L vrrereeneenne (8)

dx

and N=2 eerreerreennne (5)



To remove the unknown function r(,y), we differentiate
partially (4) and (5) with respect to y and x respectively giving

aM @ [faf\ _ @°f
a_y—g(a) _5_‘}35?: ooooooooooooooooo (6)
aN @ (af\ _ 8°f
And a—a(a_y) _5?:5_‘}? ooooooooooooooooo (7)

Since 2~ -~ , (6) and (7) give ' -2".

dxdy

The condition is sufficient: we assume that (2) holds and show
that (1) is an exact equation. For this we must find a function
fen.y), such that dir(x,y)] = Mdx + Ndy.



Let gy = Mdx— (8)

Be a partial integral of M, that is, the integral obtained by keeping y fixed. We

first prove that (v - 2—}) is a function of y enly. This is clear because

. _5_5):@_529 _oN  d%g d’g _ d%g
dx dy dx dxdy dx dydx daxdy dydx
_ON_ 9 (3g) _oN oM .o
 9x Ay 53;) dx ay '’ using (8)
=0, using (2)
8
Take fl,y)=gl,yv) + [ (N — 6_i) AV eeeeeeeeeeeeeennne. (9)

Hence on total differentiation of (9), we get
_ 99 _ (% 9g _ 99
df = dg + (N - ay) dy = (Ldx + = dy) + Ndy 22 dy
= (%2) dx + Ndy = Mdx + Ndy , using (8)

Thus, if (2) is satisfied, (1) is surely an exact equation.



Ex 1: Solve

1
[}f (1 + - ) + cosy ] dx + [x +logx — xsinyldy = 0
X

Solution: Here

1
M=}f(1+—)+6ﬂ3jf , N=x+logx — xsiny
X
M /— dN —
s—=14—-—smy , —=14+——smny
dy X : dx X :
dM ON

. — = — = (jlven eguation 1s exact
dy dx :

. Solution is

J’ M dx + f{tm‘mg inN free fromx )dy =c

vFconstant

1
f y(l—l—-)—l—cusydx—kfﬂd}f:c
x

v=constant

y[x+ logx]+ xcosy = ¢

Ex 2: Solve
(x* = ay)dx+ (y* - ax)dy =0

Solution: Here
M=(x*-ay), N=(y*-ax)

aM aN
Ln—=—q , —=-—a
dy dx
M AN o -
L ——=— = (;llen equation 15 exact
dy dx :

~ Solution is

J de—kf(tm‘ms inN free fromx )dy=rc

v=constant

f (x* — ay)dx + f},i dy = ¢
v=constant
S E .3

e —— — .F—|——=
3 axy 3 c



Equations reducible to exact differential equation:

Sometimes the equation M dx + N dy = 0 is not exact differential
equation. To reduce this equation to exact form we multiply the
equation by a suitable factor is called as integrating factor.

Rules for finding I.F.:-

o|If the equation Mdx + Ndy = 0 is hamogernous equation and Mx + Ny # 0 then

1
Moac +Nr

[.F.=

o|If the equation Mdx+Ndy = 0isof the form f,(xy)ydx + f,(xy)xdy = 0 and
1
Mx — Ny

Mx —Ny=0thenl F.=

aM dN

Pt o is a function of x or constant only say f(x)then I.F.= el flx)ax

dN dM

o If &% s function of y or constant only say f(y)then I. F.= el F»ay




Ex 1: Solve (¥'y="2uy")de=(x*=31*y)dy=0

Solution: Here
M= (x*y-2x7) , N=—-(*-3x%y)

M _ 5, N _
n—=x" —dxy , — =bxy — 3x

ﬂy ) dx )
aM dN

—+ — = (jiven equ&tmn 15 non exact
&1f dx

1 1

o o o o F. — —
Since given equation is homogenous, hencé F- = =" =77

Now multiplying given equation by I. F. we get exact differential equation as

1 2 3 X
(———)dx+(— E)dv—ﬂ
1 ¥y

» Solution 1s f M dx + f{tm“ms inN free fromx)dy=c

v=constant

1 2 3
f (———)dx—kj—d}r:c
VX ¥

v=constant

X
j;_ 2logx + 3logy = ¢



Ex 2: Solve Y+ 209 dx+ x(xy— 1y )dy=0
Solution: Here

i =y(ay+20y"), N=xlyy-r'y)

oM - dN -
L—=2xy + 6x°y° T = 2xy — 3x°y~°
X

dy
oM aN _ o
o= F o = Glven equation-ls-non.-exact
dy - dx

1 1

Since given equation 8 the formf; (I}’)}’dﬁ b (Jf}’)xd}' =) -ILF= Mx— Ny 3x3)°

Now multiplying given equation by I. F. we get exact differential equation as

1 2 1 1
(T-I-—)dit:-l-(ﬁ——)dj’:ﬂ
ATy A y= ¥

s Solution 1s f Mdx + f{fﬁ'?”?ﬂ&' inN free fromx )dy=c¢

v=constant

1 2 1
J (?+—)d:i:+f——dy= C
yoX y

y=constant

x 1
- 2log ( — ) —
l‘}!

AL

= C



Ex 3: Solve  (F+y*+2x)de+ 2ydy =0
Solution: Here M=IE-|-}!E-|-ZII V= 2},

aM _, dN )
. = 2v — =
ﬂ1f ) T oox

BfM dN

— #+ — = Given equ&tmn Is non exact
61! dx

gaM anN

Now a:a"" - E”E_D =1= f(x)say
] v

. jngfftixjdx: Efldx:Ex

Now multiplying given equation by I. F. we get exact differential
equation as

e (1% + y* 4 20)dx+ e 2ydy = 0
+ Solution 15 J M dx + J(tmns inN free fromx)dy=c
v=constant

e*(x® +y2+2x))du+ [0dy =c

" -[1:= caﬂjmnt(

(1 +y)e =



Ex 4: Solve (r'y*+2ny)dv+ (2'y*=x")dy=0
Solution: Here ) 4 13
M=3xy +2xy, N=20y' - x°
M aN
.-.ﬂ—lesz}fg-l-Ex , E=613yz—zx
oM N o
ﬂ'_“p + E = Glven equ&tmﬂ, 15 non exact
dN JdM
Now — 9x — 9y -2

M bl

= f()say
2
S F. = Eff'i]"]'ix = E'r_”;d‘y = E_E'[GE.}? — }}_2

Now multiplying given equation by I. F. we get exact differential equation as
Y3ty 4 2y v (2% - ) dy = 0

~ Solution 15 J M dx + f(terms in N free fromx )dy=c¢
v=constant IE
2x S xFYE 4+ — =
f (BIE;}IE—FF]dI—FI{]d;}r: c v

V=EoRstant



Linear differential equation:

A differential equation is said to be linear if the dependant variable
and its derivative appears in the equation in 15t degree only.
The general form of differential equation of 15t order & 1%t degree is

— + Py =
dx y=0

Where P & Q are functions of x or constant only.

Method of solution:

First write the equation with coefficient of dy/dx as unity, now find

| F.= el e gng further solutionas

v.I.F :fI.F.de+r:



X 1:solve (o524 = tamx

dx
2

Solution: Dividing by cos
dy

dx
o P =sec’y Q tanx sec

— + sec*x .y =tanx sec’x

z

X

X

Ex 2: Solve
dy 2x 4x*

— 4 —
dx x241 y ¥i41
Ex 3: Solve

d]r 2 2512
— — 2vcosxy = —25n2x
dx y




Bernoulli’s equation:
An equation of the type

S
- Hh=0

Where P & Q are functions of x or constant only is called
Bernoulli’s equation.
It can be reduced to linear form by putting }'ﬂ_l = Z

Ex 1: Solve 7yt ey
ﬁ_xa - N '+'1'r LE = (IL'I'].)‘I'I!T
= 1 X\ w
dx - -
Solution: Given equation can be written as
dy ay

T 4wy = x 33 Ex 2: Solve tany——+tanx= COSYCOS°X
dx = = ’ dl’

Dividing by y3 and putting y2 = z, we get

dy
d--l-'- : — I = 2 .'2
Y Jyp = —Dyd Ex 3: Solve xdx—kj. X<y

This is linear equation and its solution is given by



Linear diffel@ential
equations with constant
coefficients




Definition: An equation of the type

2y dﬂ_l}rm dﬂ-z}_,er P

dyr | byl gz TR gam

o o n. I, @re constants and X is a function of x only is
called as linear differential

equation with constant coefficients.

If d/dx =D then above equation can be written as f(D)y = X

The equation f(D)y = 0 is called as A.E.

The general solutionis: y=C.F. +P.l.

Methods to find C.F. :

o|f roots of auxiliary equations are real &distinct then

c.f.—=cpe™* + et ..



oIf roots of auxiliary equations are real &repeated then
c.f.=(c; + 6x + cax?)e™* + ...

Where the root m, repeated 3 times
o |f roots of auxiliary equationgare imaginary &distinct then

c.f.=e"(cicosfx + cysinfix)
Where o+if3 & a-iff are imaginary roots.
o|f roots of auxiliary equations are imaginary & repeated then

c.f.= e™{(¢; + c,x)cosPx + (¢ + ¢, x)sinfx)}

Where o+ip & a-if are repeated imaginary roots.






Inverse operator —— & symbolical expression for P.I.-

1
Foy ™
as that function of x not containing arbitrary
constants which when acted upon by f(D) gives X.

f [D]

We define

Hence by definition

f[ﬂ]{f[ ) } X

|
FCER

And hence

satisfies the equation f(D)y = X and so is a P.l. of the equation
f(D)y = X. Thus symbolically P.l. is given by

L X
f(D)

P.I. .=



Inverse operators: If f(a)=0 then

X
%I:fl’ dx P-I.=mg (@) #0

= [e¥xdy Y f(@=0
D-a ;

X

1 Y=o J‘Eﬂ:r ¥ dr P.f.=%em fla)#0 andsoon
D+a
T
Procedure to find P.I. : SBEINGS o g TS
Case 1:when X = e™ Ex 2: Solve (D -3D* + 4)y = e
Pl=—— %
FiD)

1 i e

= Fren = where f(a) = )




Solution: A.E.is Solution: A.E.is

; I_aplig=
DP11=0 D"-3D"+4=0
Solving we getroots as Solving we get roots as
1 iv3
p=-1.b=717% D=-1,2,2
! 3 3 -1 )
tCF=ce ™4 EEI[EZEGS(%)I + qsin(%)x o (i€ I'|' (EZ T EEIJE !
P.I.= ! e?*
n ' 3 2
P.l.=——(3¢* +5) D?—3D° + 4
D3 + 1 o -
~ 3Dp°—6D
—g + 55—
113+1 i u3+1 I S
6f—6
- - i -
3 . B .5
=3 e +5

solution isy = C.F.+P.. » solutionis y = C.F.+P.1



Case2:  When X = sinax or cosax
1

P.l.= 009 Sinax
. ;
"I sinax where 0(-a") %0
When 0(-a’) = 0 then
X
P.I= sinax ,0'(-a®) # 0
0'(-a?) Ex 1: Solve (Dz -0+ S)y = sindx

if 0'(<a%) =0 then
!

Pl= ﬁsmax 0(-a)20 andsoon

Ex 2: Solve (03 _ 302 il 9 - 27)}’ = 0053y



Solution: A.E.is

D*-2D+5=0
Solving we get roots as
D=1+2i
. C.F.=e7(c,cos2x + ¢,5inlx)
1 a
P.I.= sin3x
D?-2D+5
1 .
= sindx
—9-2D+5
==z [D 2]51;113.1:
Rationalizing denominator we get
__1p-2
- == [Dz — 4]5;113,1:
=2 [ujsuﬂx

= ﬁ (3cos3x — 2sin3x

. solutionisy=C.F.+P.1.

Ex 3: Solve

d?y

dx2

+ 9y = cos3x

Solution: A.E.is

D*+9=0

Solving we get roots as D = £3i

“C.F.=

(€,c083x + C,5in3x)
1
P.I.= cos53x
D249

X
= —cos3x
2 D

x
=—‘-.-:1}53.:t:dx
2.

I -
= —sin3dx
O

. solutionisy=C.F.+P.1



: when X= x™ where m is a positive integer

1
fo)

=[140(0))* 2"

P.1




Solution: A.E.is Solution: A.E.is

(D*-3D+2) =0 D*+2D*+D=0
Solving we get roots as Solving we get roots as
D=1,2 D=0,-1,-1
_ 2
~ C.F.= ‘31911+ e » C.F.=ce"™ + (c; + c3x)e™
P.I.= Xx 1
2 _ _ 2
D 3:}+2 P.I. BE+ED2+D[I + x)
1 D=-3D
25[1"{{1+ 2 })x = 12 e?*
D{1+{D"+2D}
2 1
_ %{1 n ﬂzﬂ}-i P = {1+ (0% +20)} ' (* 4 %)
1
1 l_nz—gn+nz—3n_m : =—{1-(0+2D) + (D" +2D)* - .. }(* + )
2 2 2 1
=—{x’+x—-2—4x—-2+ 8}
B 2 D
- 2 {I + 2} x3 Fx2
=3 5 T 4x

. solutionisy=C.F.+P.1.
. solutton is y = C.F. +P.1.



Case 4 : when X=¢"v where V is a function of x




Solution: A.E.is
(D*+2)=0
Solving we get roots as

D=+v2i
. C.F.= c;cosV2 x + c,5imy2 x
1
D242
1

e' ——— cosx
(D+1)%42

1
e —
p%+2D+3
1

c
—-1+2D+3

E'I{ 1 }
= —4— ¢y COS5X
2 LD+1

e* (D-1
= —{——COSX
2 WD=--1

e‘cosx

P.I.

Cos5Xx

X

05X

X

e .
= — :[EESI + sinx)

« solution is y = C.F.4P.I

Solution: A.E.is

(D +3D+2)=0

Solving we get roots as

n=-1,-2

' E.F.: E:IE_I‘I' EEE_ZI

1
: EEII
D=+30D+2

1
X
(D+3)2+3(D+2)+2
1

Jx

Ix
pZ+op+20
e3x 1
20 {1_+133%—9£f}x
20
e3x . D? +9D |
ED{ - 20 } x
g 3X DZ+ep  D2+9D
ol PR L B
20 20 20
ix
] g
x5
20 20



Cases5: WhenX=xV

1
—xV
f(D)




Solution: A.E.is

D +4=0
Solving we get roots as
D=+42i
. C.F.= (¢ c082x + ¢,5m2x)

P.I.= xsinx

D%+

2D 1 .
= 1X- 7 {7 Sinx
D=+4) D-+4

2D 1

- {x' n2+4}[—1+4j Sinx

{_ED

}sinx
D? + 4

2D
D2 +4

= — {xsinx - siﬂx}
3

1

_ 2D
= — {KSIHK -
3

—-1+4

sinx}

10 2
= _{KSIHK— _CDSI}
3 3

- solution isy = C.F.+P.I.



Solution: A.E.is

D°+2D+1=0
Solving we get roots as

D=—-1,—-1
2 C.F.=(cy+cyx)e™
1

I.= XCOSX
DZ+2D+1

{ 2D + 2 } 1

= X -

D2 +2D +1

1 AR 1

{K— }—EESI
D2+2D+1'D

1 2D+ 2
= —[x— }(cﬂsxdx
D2+ 2D+ 1),

2D + 2
_ {x_
2 D2 +2D+1

}simt:

=—{xsinx— 51
-1+ 2D+ 1

2D 1
- x- | :
D2+2D+1)D2+2D+1

C
(-1+2D +1)

2D+2
TI.I}

05x

0s5x

1{ ! 1 1 . }
= —{XSInx - + —) sinx
2 [ D]

1
= E{xsinx - SInx — ( sinxdx }

1
=3 {xsinx - sinx + cosx }

~ solutionisy=C.F.+P.1



__________ Homo: .e.no.us.--li]@ar___Diffe.r.ential




Definition: An equation of the form

dny n—l dn—ly n—2 dn—zy
dxn Tax dxn—1 T aXx dxn—2

xn

+ 4 a,y =X (1)

Where a4, a,, as, ....a, are constants & X is a function of x only is called as Homogenous
linear differential equation with constant coefficients.

Method of Solution: First we can change the independent variable x to z by using the
substitution

logx =zi.e.x = e”

dy . _i
& xa—Dy (Since D =

24% _ pep —

X°—3 =D(D - 1)y

Tldn

X dx,f=D(D—1)(D—2) we.(D=n+ 1y



Using above values in equation (1) we get

dny dn—ly dn—Zy
dzm T dzn—1 T dzn—2

+--ta,y=1272

Which is linear differential with constant coefficients and can be solved by using methods
of L.D.

Examples:
2 d*y
1) dx2+4x Y12y =e*

2)(x3D3 + x’D* - 2)y =x — l

2
3) x 2 ) . x— + y = sin(logx?)

zdZ

4) x°

— 3x + 5y = xlogx



Legendre’s Linear Differential Equation with constant coefficients:

An equation of the form

(a+bx)”i+a1(a+bx)” 1d

L+ ~+a,y=X.. ...(1)

dn2

Where a4, a5, as, ....a, are constants & X is a function of x onlyis called as Legendre’s
linear differential equation with constant coefficients.

Method of Solution: First we can change the independent variable X to z by using the
substitution

logla + bx) =z i.e.a+ bx =e?

& (a+bx)3—z=bDy (Since D =di

Z

(a4—bx)2iii—-bZD(D-—1)y

——_MDw—qu—m.(D—n+ny



L. D.

Using above values in equation (1) we get

dny dn—ly dn—Zy
dz”+a1dz”1+a2dz +--t+a,y=272

Which is linear differential with constant coefficients and can be solved by using methods of

Examples:
1) (1 + x)2 + 1+ x) L Sty = sin2{log(1 + x)}
2 d%y dy 2.2
2) (2+ 3x) @+3(2+3x)dx 36y =3x“+4x+1
3) (5 + 2x)? d——6(5 + 2X) y+8y 6x

4)(x+a)2 —4(x + a) y+6y—x



Method of Variation of Parameter:

2
To solve the equation ZT}ZI + PZ—?: + Qy = X by using method of variation of parameter

Where P, Q are constants and Xis a function of x only.
Method of solution:
First find complimentary functionas C.F.= dfu + c,v

Where u & v are functions of x only

Now find Wronskain W as W = v v|

u v
& finally find P. I. as

P.I.=—uf%de+vf%de

Then solution isy=C.F. + P. I.



Equations of 1%t order & degree higher than first

e Definition: An equation of the type

d}’ n d}’ n-1 d}I n-2 d}I
(a) + a; (E) + a, (a) + +a,_4 (a) +a,=0.....(1)
Where - @1:43,........ Ay gre functigns)of x & y-is called differential

equation of 15t order & nt" degree.

o|f ? = p then above equation can be written as
X

p" 4 ﬂ:l]!f’ﬂ_:l T ﬂzpﬂ_z + it @ pta, =0

*As this equation is of 1% order, its general solution
contains only one arbitrary constant.

*To solve the equation (1) we consider the following cases
Equations solvable for P Equations solvable for x
Equations solvable for y Clairaut’s equation



Case I: Equations solvable for P

The L.H.S. of equation (1) can be factorized into n linear factors in P as

p-filxyllp-f,ep)] e lp-fuley)]l =0
Le [P-f:l(m@] = 0,[p-fz(:r,yl] = (o [p—fﬂ(x,y]] =0

These equations are of 1%t order and 1t degree and can be solved easily.

Let, its solution be

FI(I!}I!E] = UJ'FZ(‘I!:}I!E] = U.I' """"FH(IJ}I!E] = 0

Hence general solution of equation (1) is given by

FleyoFyye) . o Rylry ) =0



Ex:Solve 2 _ 5,6

Solution: Given
p°—5p+6=0
p-2)(p-3)=0
cp-2=0,p-3=10

solving these equations we get

y-2x-¢;=0,y-3x-¢;=0

Ex2: Solve
xzpz + 3xyp + 2}12 =10
Solution: Given

xzpz + 3xyp + E}IE =0

~xp+2y)xp+y) =0

. dy 2y =0 dy 0
L.E.Idx+ y= ,xdx-l-}—

Solving we get general solution as

(y =)y —cy) =0

- General solution s [y - 2t~ ¢, y-3x-¢,) = 0



Case 2: Equations solvable for y

These equations can be put in the form  y= f[x,p] e (1)
. . dy dp
Differentiate (1) w.r.t. x we get .= F {x, p. E}

This is a differential equation involving two variables x and p.
suppose its solution be g[x p E] -0 [2]

Now eliminate p from equations (1) and (2) we obtain required
solution or solving (1) and (2) for x and y obtain

x=0;(p,cly=0,(p,c)

Where p is a parameter. These two equations together constitute the
solution of the given equation.



Ex1: Solve y = 2px + x2p*

Solution: Given
y= Zp,t + .Izpé ber v e [1]

Differentiate (1) w. r .t. x and rearranging we get

dp
2—)1 2ap’ ) = 0
(p+ xdx[+xp]

P+ 2x ar =0 { since discarding the factor

- (14 2p%) = 0

Solving we get p2=c¢/X.

Now eliminating p from (1) and (2) we get required solution as

y = 2vcx + x°



Case 3: Equations solvable for x

These equations can be put in the form

x=fly.p) .. ......(1)

. . dx e
Differentiate (1) w.r. t. v we get — { ; p}
(1) Yy g dy Fiy. p. dy
1 ) . dp
”p_ F{'}’p’d}‘}

This is a differential equation involving two variables y and p.
suppose its solution be
pp 00,0, = 0o (2)

Now eliminate p from equations (1) and (2) we obtain required
solution or solving (1) and (2) for x and y obtain

x=01p.0)y=0y(p.0)

Where p is a parameter. These two equations together constitute
the solution of the given equation.



Ex1: Solve for x y = 2px + y*p°

*Solution: Given equation can be written as

1

x = —{%— }Izpz} SR )

*Differentiate (1) w. r. t. y and rearranging we get

(o rgy) (py +5,7) =0
P+ya ) \Py+o5)=

d : . .
o+ }Id—f =0 {since discarding the factor (P:}I+ ﬁ) =0

Solving we get p = c/y ...cceueuue. (2)

Now eliminating p from (1) and (2) we get required

solution as

> e o

¥ = i
¥ »




Clairaut’s equation: - dp =0

integrating we get
The equation of the form

P=Cun (2)
| X —|—
y=r f(p) Using equation (2) in equation (1)
is called Clairaut’s equation. we get
Method of solution: y = cx + flc)

Si r=px+fp) (1
ince y=pr=/i d This is required solution of equation (1).

Differentiate w. r. t. X
dy

dp , dp
ax Pt

fd
sp=p+ix+ f’[;p]}ﬁ
e F = g
~x+fip e

dp _ : .
=== 0 { since[x+ f'(p)] #0



Ex3: Solve Solution Ex 2: Given equation can be

SINpx COSY = coSpx Siny + written as
px cosy = cospx siny + p px —y = e
Solution: Given equation can .
be written as -~y =pX— €
Siﬂpl COSY—Cospx Siﬂ:}’ =P This is-in Clairaut’s form-hence putting p=c¢
we get required solution as
~sinlpx—y)=p .y = cx—e°
Lpx—y=sin'p
Ly =px—sin'p

This is in Clairaut’s form hence putting p =c

we get required solution as

~y=cx—sin'c



Equations reducible to Clairaut’s form:

Certain equations can be reduced to clairaut’s form by
means of suitable substitution.

eFor the equation of the type
2 _ Py
L aaRiry)
use the substitution x*=u, y" =v
eFor the equation of the type
oMy [L‘ _ mp) _ E‘(P E[my—r:x})

use the substitution e =u, ™ =v

*For the equation of the type
y = 2px + f(p*x)
use the substitution x=u*, y=v



EX1 S()lve (pJ: y][;; py] Zp by using the transformation
x? = =1, }I =P
Solution: Given x* =y, y* =y

{up; v}l - py) = 2py

dv
Differentiate w. r. t. x we get tstnce p1=p)
2p
du dv _ 1
2 = — ’EI:— '.'F__ +1['p1
x dx ) dx 1- P
; du ; dv This’is in Clairaut’s form, hence putting
SO = —— F=— .
2u 0 2w p, = ¢ we get solution as
dy v dv 2
"p_dx_ﬂ._-"ﬁdu v=ue — o .
Putting this value of p in given equationweget = ., | 2
— LEe.YV =X C—
{ u dv _ }{ _ _ dl?} vV dv ) 1—=¢
xudu_xv VR = vu du) ~\vdu

This is required solution.
Simplifying we get

{ dv }{1 dv} Edv
H du v du) Tdu



Ex2: Solve* (p - 1) + p’e® =0

Solution: Here we use

e =u ,e¥ =v

Differentiate w. r. t. x we get
du v dv

dx © Tax

du P duv
Y= v

E.‘I’

dx =
U

dy udv

“ P = dx rdu

tzr=u.-:—|—.-:3

iee=ectc?

This is required solution.

Putting this value of p in given equation we get

3(1:,:11:' 1) ’n:rit:-'3 2 _ o
“ vdu +[vd’u] v

Simplifying we get

V=up,; + ]:113

This is in Clairaut’s form, hence putting p, = c we get solution as



EX3: Solve (y+ FIJE = p}rg by substituting  y=u ,xy=7v

Solution: We have

y=u , Xy =70 Simplifying we gEt

dy = du ,xdy + ydx = dv P12 .
xdy + yvdx dv Pi — X
= _ 2
dy dy -V =Y¥YP1 — P1
xdy + ydx dv
dy T du This is in Clairaut’s form, hence putting
dx p, = c we get solution as
a —|— T —
3 dy P )
: L Xy =Cy—¢
Py = X+
- p This is required solution.
o P =
P — X

Putting this value of p in given equation we get

Xy }2 },3

rp—x

b+



