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Introduction: The function f is defined over an interval [a, b]. Let
c € [a, b]. If the function f has a special property at c, then c is
called mean value and the property is known as mean value
theorem. Here we shall consider three mean value theorems
namely, Rolle’s theorem, Lagrange's theorem and Cauchy’s
theorem.
Intervals: A number x is said to belong to

(i) a closed interval [a, b] if a < x < b.

(i) an open interval (a, b) if a < x < b.
In the first case x can have all values between a and b including
the values, a and b, whereas in the second case the values a and b
are excluded.
Rolle’s Theorem : If the function f(x)

(i) is continuous in the closed interval [a, b],

(ii) is differentiable in the open interval (a, b), and

(iii) f(a) = f(b)
then there exists at least value x = ¢ in (a, b) such that f’(c) = 0.
Proof: Let f(x) be continuous in [a, b] then it is bounded. Let its
upper bound be U and lower bound be L.
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If U=1L, then f(x) = U =L, x € (a,b) and hence f(x) is
constant i.e. f'(x) =0

Now we consider the case when U # L then either U or L or both
are different from f(a) = f(b). Let U be different from f(a) or
f(b), then U attained at least one value of x = c in the open
interval (a, b).

o f(c) = U. But U # f(a) or f(b), so c is different from both a
aswellas bie. a<c<b.

When f'(c) is positive we have f(x) > f(c) in the small interval
(c,c+ dc) and when f'(c) is negative we have f(x) > f(c) in the
small interval (¢ — dc, c).

But f(c) = U. Since, U is the upper bound, f(x) can not be
greater than f(c) in [a, b]. Hence the only possibility is that

f'(c) = 0.

Geometrical Interpretation of the Rolle’s Theorem : If the
graph of y = f(x) be drawn between x = a and x = b, then

f(a) = f(b) and the curve is continuous. The theorem states that
there is at least one point on the curve between the points x = a
and x = b at which the tangent to the curve is parallel to the
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Algebraic Interpretation: If f(x) be polynomial in x, then each
term is continuous function of x. Let a and b be the roots of the
equation f(x) = 0 so that f(a) = f(b) = 0. Then Rolle’s theorem
states that at lest one root of the equation f/(x) = 0 lies between
a and b.

Ex. 1 Verify Rolle’s theorem in the case of function

f(x) =23 +x% —4x -2

Solution: Here f(x) is rational integral function of x, so it is
continuous and differentiable for all real values of x. Thus first two
conditions of Rolle’'s theorem are satisfied in any interval.
Now put f(x) =0
e 234X —4x—2=0
= (x*-2)(2x+1)=0
=x=+V2,-1/2.
= f(V2) = f(—v2) = f(-1/2) =0.
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Consider the interval (—v/2,+/2) for which all the conditions of
Rolle's theorem are satisfied. We have to see that f'(x) vanishes at
least once in the open interval (—v/2,v/2).
i.e fli(x)=0
= 6x>+2x—4=0
=2(3x—-2)(x+1)=0
=x=2/3,-1
. f(2/3)=f(-1)=0
.. The points x = —1 and x = 2/3 are in the open interval
(—v2,v2).
Thus the Rolle’s theorem is verified.
Ex. 2 Discuss the applicability of Rolle’s theorem in case of the
following functions.
(Nf(x) =Ix], in [-1,1]
(iNf(x) =x>+1, xe€l0,1]
=3-x, x€]l,2]
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(iii)f(x) = tanx, 0<x <.
Solution: (i) The given function is f(x) = |x| , x € [-1,1].
f(-1)=land f(1)=1
. f(=1) =f(1).

The function f(x) is a continuous at every point in [—1, 1].
Now we have to find f'(x) exist at x = 0 or not.

RF/(x) = lim LX) = F(X)
h—0 h
_ f(O+R) —FO) . |A+0 . h
CREC) = A
and Lf'(x) = lim flx = h)h_ fx)
_> —
(0 - h) — £(0) =0 . h
. / _ _ — — _
< L) _flrino —h N f|1—>0 —h i|1|—>0 —h !

. RF'(0) £LF(0) .
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*. The function f(x) is not differentiable at x =0 in (—1,1).
.. The Rolle's theorem is not applicable to the given function
f(x) = |x|] in (-1,1).
(ii) The given function is
f(x)=x>+1, xe[0,1]
=3—-x, x€]L2]

. f(0)=1and f(1) =

. f(0) =f(1).
The function f(x) is a continuous at every point in [0, 2]
Now we have to find f’( ) exist at x = 0 or not.

'-Rf,(l):,lig'of(l—i_hz_f(l):A@03_(1+h/)7 (3-1)
. 2—h-2
:ier;lO h =1
f(x—h)—f(x)

and Lf'(x) = lim
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. f(1—h)—1f(1) . 3—(1-h) . 2—h

() — — _ - =
- L) _fl;ﬂqo —h N i![>n0 —h f!ino “h 2
. Rf'(0) #£Lf'(0) .
.. The function f(x) is not differentiable at x =1 in (0, 2).
.. The Rolle's theorem is not applicable to the given function
f(x) in (0,2).
Ex. 3 Verify Rolle’s theorem for the function

(f(x) =x®> —5x 47 in [2,3]

(ii)f(x) =sinx in [0, 7]

(iif)F(x) =x(x + 2)e™/% in [-2,0]

(iv)f(x) =x2 in [-1,1].
Solution: (i) The given function f(x) = x> —5x+ 7 is a
polynomial so that it is continuous in [2, 3] and differentiable in
(2,3). Also f(2) =1and f(3)=1 .. f(2)=f(3).
Thus all the conditions of Rolle’s theorem are satisfied, hence there
502 PRINGAGHEN (2,3) such that f'(c) 5 Qe 8




Now

f'(x) =2x — 5
. f'(c)=2c -5 = c=5/2

Hence ¢ = 5/2 lies in the open interval (2, 3).

.. Rolle’s theorem is verified for the given function f(x).

(ii) The given function f(x) = sinx is obviously continuous in [0, 7]
and differentiable in (0, 7). Also f(0) =0 and f(7) =0

. f(0) = f(m).

Thus all the conditions of Rolle’s theorem are satisfied, there is a
point ¢ in (0, 7) such that f'(c) = 0.

Now

f'(x) =cosx .. f'(c) = cosc

. f(c)=0= cosc=0= c=m/2.

Hence, ¢ = m/2 lies in the open interval (0, ).

.. Rolle’s theorem is verified for the given function f(x).
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Lagrange’s Mean Value Theorem : If the function f(x)
(i) is continuous in the closed interval [a, b],

(ii) is differential in the open interval (a, b),

then there exists a value c in (a, b) such that

Proof: Consider the function ¢(x) = f(x) + Ax, where A is such

that ¢(a) = ¢(b).

Thus
o(a) =f(a) + Aa = f(b) + Ab = ¢(b)
= A= —f(bgig(a) (1)

Here ¢(x) is continuous in [a, b] and differentiable in (a, b). Since
¢(x) satisfies all the conditions of Rolle’'s theorem. There exists c,
where a < ¢ < b such that ¢/(c) = 0.
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Now

¢'(x)=f(x)+A
Hence ¢'(c)=0= f'(c)+A=0
= f'(c) =
~ 7/(c) = *( )21 by ()

b—a

Geometrical Interpretation of L. M. V. T.: Let on the graph
y = f(x), A and B are the points corresponding to x = a and
x = b.

B

Slope of the chord AB _gA
_f(b) — f(a)
 b—a

Slope of the tangent to the curve at P where the point P on the
curve corresponds to x = c is f’(c). Hence slope of the chord is
equal to the slope of the tangent.

dhus.geametrically the theorem statgs that if a curve is continuous



in [a, b], has tangent at every point (a, b) then there is a point ¢
between A and B such that the tangent at c is parallel to the
chord AB.

Ex. 1 Verify Lagrange's Mean Value theorem for

(Nf(x) =x(x—1)(x —2) in[0,1/2]
(i f(x) =x> +3x*> — 5x in [1,2]
(iif)f(x) =€* in [0, 1]
Solution: (i) We have
f(x) = x(x —1)(x — 2) = x> — 3x® + 2x (1)

Here f(x) is a polynomial, it must be continuous in [0,1/2] and
differentiable in (0,1/2). Thus function satisfies the conditions of
L.M.V.T.

Hence,
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f'(x) =3x* —6x+2 [ by (1)]
a=0, f(a)=1(0)=0;

b=1/2, f(b)=f(1/2)=3/8
f'(c) =3c® —6c+2

3/8 -0
2. 3¢ —6c+ 120 3/4 [ by (2)]
V21
.'.3c2—6c+5/4:0:>c:1iT

se=1+Y2 ¢(0,1/2) and c =1 — ¥2L € (0,1/2)
. L. M. V. is verified for the given function f(x).
Ex. 2 Apply L. M. V. T. to show that

1 1

] —_— - — <1
(1) 0< log(1+x) x <
sin~1x 1
i 1< < for 0 < x < 1.
(i X e 0
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(i) Consider f(x) = log(1 + x) and apply L. M. V. T. on [0, x].
Since

f(x) — £(0)

f'(c) =

(c) =0
1 dog(l+x)-0 ., . 1
"14c x—0 [ f(X)_1+x]
. ! :/Og(1+x),for0<c<x
1+c

AsO < c < x

Ll<l4e<l4x

x
H 1< —F——— <1 by (1
ence , </og(1+x)< +x [ by (1)]
1< 1 <1-|—X
" x  log(l+x) X
1 1 1 1 1 1
. R [
x x log(l+x) x x X
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ot 1oy
log(1+x) x
Hence the proof.
Cauchy’s Mean value Theorem: If f(x) and g(x) are continuous
in [a, b] and derivable in (a, b), then there exist a point ¢ € (a, b)
such that

g(x) # 0.

Proof: Consider the function, ¢(x) = f(x) + Ag(x).
&(

Where A is a constant such that ¢(a) = ¢(b).
. ¢(a) =f(a) + Ag(a) = f(b) + Ag(b) = ¢(b)
= A=— E i (( )) where g(b) # g(a) (1)

If g(b) = g(a), then by Rolle’s theorem g’(x) = 0, for some x in
thec pitenyalia < x < b which is againgt Jagpothesis. 5



Again, ¢(x) is continuous in [a, b] and derivable in (a, b) and
¢(a) = ¢(b). Then by Rolle’s theorem ¢'(c) = 0.
But ¢'(x) = f'(x) + Ag(x)
= ¢/(c) = f'(c) + Ag'(c) =0
f'(c)
g'(o)
_ (o) _ f(b) = f(3)
g'(c)  g(b)—g(a)
Hence the proof.

Ex. 1 Verify Cauchy Mean value theorem for the function defined
below.

= A=

[~ by (1)]

(V)= 80)= 5, on[14]
(iNf(x) =3x +2, g(x) =x*+1, on[1,4]
(iii)f(x) =€, g(x) =e*, on][0,1]
(iv)f(x) =sinx, g(x) = cosx, on [—%,O]
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Solution: (i) Since, f(x), g(x) are continuous in [1, 4] and

derivable in (1,4).
Given

=1.6¢€(1,4)
EpC.AMNAruds verified.

Dr. DRP
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(iii) Since, f(x), g(x) are continuous in [—75,0] and derivable in
(_gvo)'
We have

f(x)

L (%)

and f(a)

(a)

=sinx, g(x) = cosx

X

cosx, g'(x) = —sinx

(—*) = -1, f(b) = £(0) =0,

g(—*)—O g(b) = g(0) = 1.

and g(a

. By C.M.V.T. there exists ¢ € (—7%,0) such that

Fi(e) _f(b)~ f(a)
g(c) e(b)-e(a)

~ cosc _—1
" sinc 1
L eote=—1=c=cot (~1) = — € (~5.0)
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Ex. 2 If f(x) =+/x and g(x) = % then show that ¢ is geometric
mean between and a and b where a, b > 0.

Solution: Since f(x), g(x) are continues in [a, b] and derivable in
(a, b).

Now F(x) = V&, g(x) = %

Y _1 -1/2 / __1 -3/2
. f(X) _2X ) g(X)_ 2X

and f(a) =a'/?, f(b) = b*/?, g(a) = a2, g(b) = b~ /2.
.. By C.M.V.T. there exists ¢ € (a, b)such that

Filc) _F(b) — (a)
g'(c) g(b)—g(a)
. c=Vabc (a,b)

Hence C. M. V. T. is verified and c is a geometric mean between a
and b.
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Ex. 3 Show that :

sinb — sina  cosc

(1) b o T o a<c<b

.. Sinb — sina

(i) ————— =—cotc, a<c<b.
cosb — cosa

Solution: (i) Let f(x) = sinx, g(x) = €~

. f'(x) =cosx, g'(x) =€

and f(a) =sina, f(b) = sinb, g(a) = e, g(b) = €’

.. By C.M.V.T. there exists ¢ € (a, b)such that
f'(c) _f(b) —(a)

g'(c) g(b)—gla)
cosc sinb — sina

=7 ,a<c<b
ec eP — e?
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Taylor’'s Theorem: If (i) f(x) and its first (n — 1) derivatives be
continuous in [a,a+ h], and (ii) f"(x) exists for every value of x in
(a,a + h), then there is at least one number § (0 < 6 < 1), such
that

f(a+ h) = f(a) + hf'(a) + Z?f”(a) + .t %f”(a +6h) (1)

which is called Taylor's theorem with Lagrange's form of
remainder, the remainder R, being :f"(a + 6h).

Cor. 1 taking n=1in (1), Taylor's theorem reduces to Lagrange's
mean value theorem.

Cor.2 Putting a= 0 and h = x in (1), we get

x2 x"
f(x) = f(O)—l—Xf’(O)—I—Ef"(O)—F...—I—ﬁf”(GX). (2)

which is known as Maclaurin's theorem with Lagrange's form of
remainder, the remainder R, being ’%f”(@x).
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Expansions of functions:
(1) Maclaurin’s Series: If f(x) can be expanded as an infinite
series, then

f(x) = £(0) + xf'(0) + jf”(0)+... + 00 (3)

If f(x) possesses derivatives of all orders and the remainder R, in
(2) tends to zero as n — oo, then the Maclaurin’s theorem
becomes the Maclaurin’s series (3).

(2) Taylor’s Series: If f(x + h) can be expanded as an infinite
series, then

f(x—f—h)zf(x)—i—hf’(x)—i—Z?f"(x)—i—...—i—oo (4)

If f(x) possesses derivatives of all orders and the remainder R, in
(1) tends to zero as n — oo, then the Taylor's theorem becomes
the Taylor's series (4).
Cor. Replacing x by a and h by (x — a) in (4), we get

o)
F(x) = (a) + (x — a)f (a) + & 2.3) F"(3) + .. + 00
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Taking a = 0, we get Maclaurin’s series.
Ex. 1 Find the series expansion of e®*
Solution: let

f(x) =e™ f(0)=1
f'(x) =ae®™ . f'(0)=a
f(x) =ae™ f(0) = a?
" (x) =a’e™ f(0) = a°

and so on.
Now, substituting the values of f(0), f’(0), f”(0) etc. in

f(x) =f(0) + xf'(0) + —f”(O) we get
22 533
2! 3!

which is required expansion of e in asce2nding3 powers of x.
Cor. When a =1, we get e =1+ x+ 57 + 35 + ...
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Ex. 2 Expand sinx in ascending powers of x.

Solution:Let
f(x) =sinx . f(0)=0
f'(x) =cosx f’(O) =1
f"(x) = — sinx o f(0) =
f"'(x) = — cosx oo f(0) =
FV(x) =sinx o f(0) =
fY(x) =cosx S fV(O) =

and so on.
Now, substituting the values of f(0), f’(0), f”(0) etc. in

2

f(x) :f(o)+xf’(0)+%f”(0)+.... we get
) x3 X°

sinx X—§+——...

h|ch is reqmred expansion of sinx |n ascendmg powers of x.
D.C,Patan MATHS
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Ex. 3 Expand (1 + x)" in ascending power of x.

Solution:Let
f(x) =(1+x)" - f0)=1
f'(x) =n(1+ x)"! . f(0) =
f"(x) =n(n —1)(1 + x)"2 . f(0) = n(n —1)
and so on.

Now, substituting the values of £(0), f’(0), f”(0) etc. in

f(x) :f(0)+xf’(0)+X—?f”(O)—I—.... we get
(14+x)" =1+ nx+n(n— 1); + ...
which is required expansion of (1 + x)" in ascending powers of x.
Note: When n = —1, we get,
A+x)tT=1-x+x2-x3+..
Putting x by —x, we get

1—x)t=14x+x>+x>+ ...
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Ex. 4 Expand log(1 + x) in ascending powers of x.
Solution:Let

f(x) =log(1 + x) f(0)=0
£(x) zlix (0 =1
F(x) == (L+x)72 L f(0)=-1
F(x) =2(1+ x)3 . £(0) =2

and so on.
Now, substituting the values of f(0), f’(0), f”(0) etc. in

2
f(x) =f(0) + xf'(0) + %f”(O) + we get
2 X3 -
log(1+ x) =x — ~— 4+ > _
og(1+ x) =x > + 3

which is required expansion of log(1 + x) in ascending powers of x.
Note: Replacing x by —x we get,

2 x3

X
log(l — x) = — — 4 — + ...
og ( x) [X+2+3+ ]
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Indeterminate Forms:The forms

8, >,0 x 00,00 — 00, 02,000, 1°° are known as indeterminate
forms. In chapter on Limits, we found out the Iimits of some of the
functions which assume the indeterminate form 2 g for a particular
value of the variable, for example, the function S’QX assumes the

indeterminate form % when x = 0, but lim %2 = 1.
x—0

Below will be the given methods of evaluating the limits of the
indeterminate forms through the use of differentiation and
expansion in series.

Indeterminate Form % (L, Hospitals Rule) : If

f(a) = 0= g(a), then

Cor. 11f f'(a),f"(a 1(a ) and g'(a), g"(a),....g"1(a) are
all zero, then lim fog = I|m P

x—a & x—a 8 (X)
Cor. 2 If lim f(x) = oo and lim g(x) = oo, then
( X—a X—a
f

!/
lim — lim £ EX;
BD6, P—%.(Xr) MATHS 3@ g’ Dr. DRP 27
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The Indeterminate Form 2: If I@ f(x) = oo and

)I(iLnag( x) = o0, then I|m f((xg = )I(Lna ;,EX%. The same rule as that
0

for evaluating the mdetermmate form §
Cor. 1: The form 0 x oco:lf Ii_r)n f(x) =0 and Iim g(x) = oo, then
the product f(x) x g(x) is the form 0 x co. It may be transformed

into the form % or 22 by one of the relations.

F(x) x g(x) = 1) _ &)

~~

~—
~—

x) ()

Y

Cor. 2: The other indeterminate forms can be reduced to the form
lim f(x) = 0 or to the form lim g(x) = co. If the base and the
X—a

X—a

index are both functions of x, say [f(x)]() then we can write
[f(x)]8*) = e8(x)/ogf(x) and evaluate the limit g(x) x logf(x) by
previous rules.

Ex. 1 Evaluate the limit, llno Tog (1+x)

Solution:This is of the form %
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Here f(x) = ¥ + sinx — 1 and g(x) = log(1 + x)
1
1+x

. f’(x) =e* + cosx, g/(X) =
L f(0)=2, g'(0)=1

Hence, by rule,

. . _ 2
Ex. 2 Find lim 2cosx224x7
x—0 X
0

Solution:This is of the form 5

Let f(x) = 2cosx — 2 + x? and g(x) = x*
o fl(x) = —2sinx +2x,  g'(x)

o f"(x) = —2cosx +2,  g"(x) = 12x?

. f"(x) = 2sinx, g"(x) =24x

il

Eispes..Rnrudle, Dr. DRP
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. 1
Ex. 3 Evaluate )!Lnl[ﬁ ~ Togx
Solution:This is the form co — 0o

el (x — 1)logx
let f(x) = xlogx —x+1, g(x)=(x—1)logx

. X 1 . xlogx —x+1
lim [ ]

Lm T Togx which is the form g

1
flix)=1+1logx—1, g'(x)=1- -t logx

x2  x

1 1 1
f//(X) — -, g//(X) — +
X
Hence, by rule,

f(x) (1) 1

“igx)  g"(1) " 2
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Ex. 4 Evaluate lim xlogsinx
x—0

Solution:This is in the form 0 x (—o0)

logsi
lim xlogsinx = lim ogf/nx which is the form =
x—0 x—0 ; o0
1
let f(x) = logsinx, g(x)=—
X
1
f'(x) = cot '(x)=-=
() = cotx,  g(x) =~
2
r — _ 2 /" - _ =
(x) cosec x, g"(x) 3

Hence, by rule,

2
im T X 10—o.
x—0 g(x)  x—0 sin®x

Ex. 5 Evaluate lim (1 + sinx)™
x—0

Solution:Let

. . . h cotx . il
lim (1 + sinx)°™ = lim elo8(I+sim)® — iy gcotxlog(ltsinc) (1)
x—0 x—0 x—0
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Let us find Iim0 cotxlog(1 + sinx). This is of the form oo x 0.
X—

log(1 + sinx)

I|m cotxlog(1 + sinx) = lim
—0 x—0 tanx
log(1 ]
= lim og(1+ sinx) . [Note this step]
x—0 X tanx
. log(1+ sinx) .. X
= lim lim
x—0 X x—0 tanx
~im log (1 + sinx) q
x—0 X
log(1 ] 0
— tim PELES) i i of the form O
x—0 X 0

Let f(x) = log(1 + sinx) and g(x) =

COSX

O fl(x) = "(x)=1
M) =T &W
f f'(0 1
" |im—(x):|im ():le
x—0g(x) x—0g/(0) 1
Hence, from equation (1), Jim cotxlog (1 + sinx) = lim e! = e.
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ae*—bcosx+ce X __ 2

Ex. 6 Find the values of a, b, ¢ so that lim e

x—0
Solution:
Let aeX — bco.sx—l— ce _ f(x) <o that f(0) _ 97
xsinx g(x) g(0) 0
s.a—b+c=0 (1)
f'(x)  ae*+ bsinx —ce™ f'(0) 0
g'(x)  xcosx+sinx ' g(0) 0
a—c=0 (2)
f"(x)  ae*+ bcosx +ce™™ f"(0) a+b+c
g"(x) T 2cosx — xsinx | g"(0) - 2
at+b+c=4 [ Iimm—Q] (3)
. T x—0 g"(x)
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THANK U
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