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1.1.1 The General form:

The general (standard) form of the linear differential of the second
order such equations are of the form

d?y dy
F + P + Qyr=R, (1)
where P, @ and R are functions of x only.
The equation (1) can be written in symbolic form as f(D)y = R
where D = d% . In this chapter we shall discuss the following
types, of solving the equation (1) when

1. one solution of f(D)y = 0 is known (General Method of
solution)

2. Solution by the Change of dependent variable (Removal of
first order derivative)

3. Solution by the change of independent variable

4. Method of variation of parameter



1.1.2 Type I: Complete Solution when one integral
is known (General Method of solution)

Consider the differential equation

d?y dy

—= +P—= R . 1
2 TP T Qy = (1)
If y = u is given solution belonging to the complementary function
of the equation (1).

d?u du
d2+Pd +Qu=0. (2)

If the other solution be y = v, then

y=uv, (3)

be complete solution of the differential equation (1). Now
differentiating equation (3) with respect to x we get
Q dv du

dx dx tv dx ’ (4)



and

dx2  Tdx? dxdx ' dx?
Using equations (3), (4) and (5) in equation (1), we get

2 2
(uch/+2uvch/ch/+ au >+P<udv+vdu> + Quv =R

dx? dx dx dx? d dx

i. e.

d?v du dv d2 d

Now using equation (2), the equation (6) becomes

d?v du\ dv

dividing by u, we get



d?v 2du\dv R
P+-—)—=—. 7
dx2+< +udx>dx u (7)

On putting %% = t, equation (7) becomes
o
Which is linear equation hence its solution is given by

t-l. F. :/I.F.de+c, (8)
where

(prie) u

I. F. =e ‘ :efpdxezfd?,
:ef Pdx j2logu _ ef deelogu2 _ U2€f Pdx

Hence the equation (8) becomes

R
t-u2edeX:/u2edede+c,
u



dividing by u2el Pdx and re substituting the value of t, we get

d — [ Pdx — [ Pdx
& _¢e R-uefpdxdx—l—ce ,
dx u? u?

integrating we get

— [ Pdx — [ Pdx
v:/<e 5 /R.uedede+ce 3 >dx+q,

u

Hence, from equation (3) complete solution of equation (1) is
given by

— [ Pdx — [ Pdx
y:UV:u|:/<e 2 /R.uefpdxdx—i—ce 2 )dx—i—q]

To find out the integral belonging to the complementary
function we follow the following rules:
1. y = x is a known integral if P+ xQ =0
y = €% is a known integral if 1 + P+ Q@ =0
y = e X is a known integral if 1 — P+ Q=0
y = e™ is a known integral if m> + mP 4+ Q =0
y = x? is a known integral if 24+ 2Px + Qx*> =0
v — x" is 3 known inteeral if n(n — 1) - nPx = Qx2 = 0

o Ok W



Example 1.1:

Solve

d?y dy

Solution: Dividing by x

d’y 1. dy 1
—— —2-) T +(1-y= 1
_-,P:—2+1,Q:1—1,R:0

X X

1 1
S1FPHQ=1-2+-+41--=0
X X

",y = €~ is known solution of equation (1). Let the general
solution be

y=uv=c¢ev. (2)

Using equation (2), equation (1) transforms to



ﬂ+ P+g@ Q_B
dx? udx)dx u’
d?v 1 2 ,.dv
a2 T2ty =0
d’v  ladv
a2 i =0 ®)
put
dv d’v  dt
av _, .@gv_ad 4
& ae T dx *)
using equation (4) in equation (3), we get
da 1
“t=
dx +x 0

integrating we get
logt + logx = logc1 ,= tx =c¢y ,

dv
= —x=oc =vVv=clogx+ o
dx



Hence from equation (2) complete solution is given by
y = € (cilogx + ) .

1.1.3 Type lI: Transformation of the equation by changing
the dependent variable. (Removal of First order Derivative)
In this type, we change the dependent variable y to v such that
the coefficient of its first order derivative is zero, so that, the
resulting differential equation can be easily integrable.

Consider the differential equation

2
%JFP%JFQ)/:R. (1)
put
y=uv, (2)

dy dv du

dx ~ Ydx T Vdx

d?y d?v du dv du
=U—— +2uv——F +



On putting the values of y, dy and 2 in equation (1) we get

dx?

d?v du dv d?u dv du

LA, Vil p au - R
(U T2 g g T Vga) TPlug tvg) +Qu =R,

d?v du\ dv d?u du

Vo (puy22t )Y p —R,
:>udx2+< * dx>d+<d2+ d+Q”>V

d?v 2 du\ dv d?u du R
aV(p pY -0
:dx2+< o d>dx+ (d2+ dx +Q’“’)" u

(3)

Here we shall remove the first derivative.

2 du
p _ 4
+o =0, (4)
d
S Lpg
u 2

integrating we get

1
logu = —2/de,

u=e 2/ Pd (5)



Now from equation (4) we have

du 1

— —_ZPp

dx '

d’u 1 1 dP

= — :
dx? 4 Y 2 dx

Using the equation (6), the last term in the L. H. S. of the

equation (3) becomes

2
<d +Pdu+Qu>=Q—1P2—1dP,

dx? d

Hence the equation (3) transformed to

4 2 dx

dx? 4 2 dx
d?v
:ﬁ"i_QlV:Rl’
where
1 , 1dP
W=

2
CI\/+< _1P2_1dP>V—Re§I'DdX7



Since equation (7) is easily integrable, find v and substituting the
values of u and v thus obtained in the equation (2) we get the
complete solution of the equation (1).

1
y =uv and u=e 2/ P

Example 1.9: Solve

d? d
XQK}Z/ — 2xd—i +(x* +2)y = x3e*
Solution: Dividing by x?
d’y 2dy 2 X
2 xdx ( 2)y:xe ) (1)

2 2
P=-——-,Q=1+—,R=xe* and,
X X

1 1 2 a:
u = e_ifpdx = e_§f_;dX:e YX = eIOgX = X .

put



Using the equation (2), the equation (1) transforms to

d2
22 TQv=FR,
where
1, 1dP
G=@- P
2 1 4 1 2
_1 _ Y
+ X2 4(x2) 2( 2)
=1
and
Ry = e%dex 7
*Xexefif 2dx 7
—xeXe 108X — yexeploax ™t — X1 — X

Substituting the values of @ and R; in equation (3) we get



d2
L iv=e = (D? +1)v = €&*,

dx?
A Eis D>+1=0= D=+i,
C. F. = cicosx + cpsinx ,
1 1
d Pl = —— & =2¢
o p2+1° T 2%

, 1
V = C€1€0SX + cpsinx + Eex .
Hence from equation (2) we get complete solution as
. X
y = xv = x[c1cosx + csinx| + 5€

1.1.4 Type llI: Transformation of the Equation by changing
the independent variable
Consider the differential equation

d’y | ,dy

-7 pL =R. 1
dx? + dx + @y (1)
Let us change the independent variable x to z and z = f(x)



dx dx dz dx?

dy _dy dz_ dy _dy(dz\* dyd’z
dx dz dx dx2  dz?

Now substituting the values of dﬁ and & }2’ in equation (1) we get

d?y (dz\? dyd?z dy dz
PR — P —_— . —— pr— R
[dz2 <dx> T a2 ( > +Q

dz dx
d?y (dz\? [d?z dz] d
:y<z>+[ +PZ] P ray=R,

dz? \ dx dx? dx | dz
d?z dz
éd%+bﬁ+P}w+ Q ,_ R
2 7 27 T N2’
dz (&)* dz (%) (%)
2
LYY oy =R (2)

dz2 dz



where

d> d
b [:175 +P d7>z<} 0. @ p_ R
1= —>"" 1= —H5 1 = .
dz\2 dz\2’ dz\2
(5) (5) (8)
Here equation (2) can be solved either by taking P; = 0 [First
Method] or Q; = a constant [Second Method]

Procedure:

. . 2 . . . .
1. Write the equation with coefficient of % as unity if it is not
So.

2. Compare the given equation with y” + Py’ + Qy = R and find
the values of P, Q and R.

3. Find the values of P;, Q1 and Ry using the formulae
P [%+P%] Q Q R R
1= 7oz W1 =775, M= 7
(%) (%) (%)
4. Find the values of z by taking P; = 0 [First Method] or
Q1 = a constant [Second Method]




1. We get a reduced equation Y+ P1 >+ @1y = R;1 on solving
this equation we can find the value of y in terms of z. Then
write down the solution in terms of x by replacing the value of
z.

Example 1.16: Solve
2
%—cotxj—+sm x-y=0

Solution: We have
P = —cotx, Q = sin’°x,R =0

Changing the independent variable from x to z, given equation

becomes
2y,

dy
d2+P1d7+Qly R17 (1)

where

[Zﬁﬂpéﬂ?@: Q R

P = 2 27
(&) (&) (&



First Method:
Let us take P; =0

d?z dz d?z dz
Pl—O:W—FP&—Oiﬁ—COtX&—O, (3)
put
dz d2z_dt

PR

hence, equation (3) becomes

dt . .
v cotx -t =0 = 5= cotxdx = logt = logsinx + logc = t = c - sin.
Ix
dz ) .
d—:c‘smx:>dz:c-smxdx:z:—c'cosx,
Ix

hence from (2) we get

sin®x 1
Ql - Rl =0 )

c2sin’x 2’



Now equation (1) becomes
&y
dz?

z 4 —ccosx . [ —ccc
C. F. = cicos— + csin— = C. F. = c¢ycos + cpsin
c c c c

1 , 1 , 1
+?y:0:>(D +§)y:0:>D +§:>D:

C. F. = Acos(cosx) + Bsin(cosx) = y = Acos(cosx) + Bsin(
Second Method: Let us take Q7 = Constant

2 2
Q = Q :1:>(dz> :czQé<dz> = c?sin’x |

(@)2 c? dx dx

dx

dz ) .
d—:c‘smx:>dz:c-smxdx:z:—c-cosx,
Ix

hence from (2) we get

d? d
5+ PE]
P12T7:>P1
(&)
R
=0

(%)

_ [c - cosx — cotx - csinx]

. = P1 =0
c2sin?x ’ ’

R =



putting values of Py, @ and Ry in (1) we get
d’y
dz?

z 4
C. F. = cicos— + cpsin—
c c

—ccosx . { —ccosx
= C. F.:clcos( ) —i—czsm< > ,
c c

C. F. = Acos(cosx) + Bsin(cosx) ,

y = Acos(cosx) + Bsin(cosx) .

1.1.5 Type IV: Method of Variation of Parameters
Consider the differential equation
d’y  dy
A—+B—+Cy=R.
dx? + dx oy
To find particular integral of (1), let complementary function
CF=cu+ov,

where u and v are functions of x satisfies the equation

1 1 1 i
+5y=0=(D*+5)y=0=>D>+ 5 =>D=+—,
C C C c

(1)



d’y _dy
ay | gy —0. 2
AdX2+BdX+Cy 0 (2)

Let us assume particular integral as

P.l.(y) =Xu+ Yv, (3)

where X and Y are unknown function of x. Differentiating (3)
with respect to x we get y' = uX’ + Xu' + vY’ + YV assuming
that X, Y satisfies the equation

Xu+Y'v=0, (4)
then

y=Xud+ Y. (5)
Now differentiating (5) with respect to x we get

y// — XU// + X/u/ + YV// + Y/V/.
Substituting the values of y, y’ and y” in the equation (1), we get



AXY +X'd + W'+ Y'V)+ BX + YW)+ C(Xu+ Yv) =R,
= X(Au" + B + Cu) + Y(AV' + BV + Cv) + AX'W + Y'V) =R,

(6)
where u and v will satisfies equation (1).
Ad" + By +Cu=0, (7)
and AV + BV +Cv=0. (8)
Using equations (7) and (8) in the equation (6), we get
XJ+YV =R, (9)
Solving (4) and (9) by Cramers rule we get
X —vR v/ uR
w' —u'v’ uw' —u'v’

integrating we get

X_—/VRdx, Y_/URdx.
uv' —u'v u' —uv



putting X and Y in the equation (3), we get

R R
P I.:—u/vdx—l—v/udx,
u' —uv u' —uv

R
=P. | = —u/dx+ qux,

where W = :, . Finally solution is given by

y=C.F.+P..

Example 1.22: Solve by using method of variation of parameter

d2y

dx?
Solution: Symbolic form of given equation is

+ y = tanx

(D? 4 1)y = tanx ,
A Eis D>+1=0=D=+i,
C. F. = cicosx + cpsinx = ciu + v,

where u = cosx , v = sinx , R = tanx and



cosx  sinx
—Sinx cosx

= cos®x + sin?

L= —d
x+v/W

sinx - tanx . Ccosx - tanx
=—cosx [ ———dx+sinx | ——

1 1

sin®x . .
= — cosx dx + sinx | sinxdx ,

COSX

1 — cos®x _
= — cosx | —————dx + sinx(—cosx) ,
cosx

= — cosx / (secx — cosx)dx — sinx - cosx

=cosx[sinx — log(secx + tanx)] — sinx - cosx ,

= — cosx - log(secx + tanx) .

x=1

dx |



Complete solution is
y = C. F. + P. . = cicosx + cpsinx — cosx - log(secx + tanx) .

Example 1.23: Solve by using method of variation of parameter

d?y

dx2
Solution: Symbolic form of given equation is

+ y = cosecx

(D? 4 1)y = cosecx ,
A.Eis D°+1=0=D=+i,
C. F. = cicosx + cpsinx = ciu + v,
where u = cosx , v = sinx , R = cosecx and

cosx  sinx
—Sinx C€osx

R
/dx+v qux,

sinx - cosecx . COSX - COSecx
= — CcOSx fdx + sinx fdx ,

u "4

u v

2

= cos’x + sin’x = 1

Now



P.l.=- cosx/dx + sinx/cotxdx ,

= — xcosx + sinx - log(sinx) .

1.2.1 Ordinary Simultaneous Differential Equations
Introduction: The general form of Simultaneous differential
equations of first order and of the first degree containing three
variables is

Pidx + Qidy + Ridz =0, Podx + Qxdy + Rodz =0, (1)
where the coefficients are function of x, y, z. Solving these
equations simultaneously, we get,

dx B dy B dz
QR — @R PR —RPr PiQ— Po@r

OR
S-Z-=. @)

Thus simultaneous equations (1) can always be put in the form (2).



1.2.2 Method of Solving Simultaneous Linear
Differential Equations.

Method I: Suppose that any two fractions, directly integrated
then after integration we find an integral. Same procedure we
apply for other two fractions. The two integrals so obtained form
the complete solution. Sometimes first integral may be used to
simplify the other two fractions.
Example 1.27: Solve

dx dy dz

yz zx Xy
Solution: From first two fractions, we have

dx d . )
x_Y = xdx = ydy, on integration, we get x
yz  zx

2:y2+c1 or

x2—y2:c1.

Similarly, from second and third fraction, we have



dy dz

— = = = ydy = zdz, on integration, we get y? =z>+ ¢ or

zx Xy

*. Complete solution is

2 2 2 2
X —y'=a,y -z =c.

Method Il: We have,

P Q R IP+mQ+nR

y2—ZZIC2.

dx dy dz ldx+ mdy + ndz

Choose I, m, n in such a way that /P + mQ + nR = 0, so that

ldx + mdy 4+ ndz = 0. If L. H. S. is an exact differential du (say)
then du = 0 and u = ¢ is one part of the complete solution. Here
I, m, n are known as multipliers. This method may be repeated to
get another integral by choosing new set of multipliers I, m’, n’.
Note: Sometimes one integral find by using Method | and second

integral by using Method II.



Example 1.30:

Solve
dx dy dz

mz—ny nx-—lz - ly — mx
Solution: Choosing /, m, n as multipliers, we get

ldx + mdy + ndz _ldx+ mdy +n

Each Fraction = =
Imz — Iny + mnx — Imz 4 nly — mnx 0

ldx + mdy 4+ ndz = 0 on integration, we get Ix + my + nz =
Again, choosing x, y, z as multipliers, we get

Each Fraction = xdx + ydy + zdz _ xdx + ydy + zd.
mxz — nxy + nxy — lyz + lyz — mxz 0

xdx + ydy + zdz = 0 on integration, we get x? + y? + 2% = ¢
complete solution is

IX+my+nz=c, X>+y’+22=0.



1.2.3 Total differential equations:

An equation of the form
Pdx + Qdy + Rdz =0, (1)

where P, @, R are functions of x, y, z is called total differential
equation.

Sometimes equation (1) can be directly integrable, if there exists a
function s(x, y, z) whose total differential ds is equal to L.H.S. of
(1), otherwise we find the condition for which equation (1) be
integrable.

1.2.4 Necessary condition for Integrability of total differential
equation

Let the total differential equation be

Pdx + Qdy + Rdz =0 . (2)

Let s(x, y,z) = c be a solution of equation (2). Then total
differential ds must be equal Pdx + Qdy + Rdz, but, we know that



so that
Os 0s 0s
= _ P == -
ax  HTo oy

Now from first two equations, we have

s 0 o OP
_9 por 9P
dyox oy MP) =Py, tug, A
Ps 0 ou 0
s _ 99 =229

Oxdy — Ox ax Foax



Since

s 0?s o oP Ou
Byox ~ oxay @ wehave Poltng, = Qe
oP QY _ oon o
K dy Ox) T Ox Z?y

similarly,

o (29 OR) g _ g
0z Oy (9y ’

and

Ox

(2897 _ ol _ gl

0z 0z ox '

8Q
Hox

(5)

Multiplying (5), (6) and (7) by R, P, and Q respectively and

adding, we get

0Q OR
P(5 5) el

orR 0P
Ox 0z

oP 0@
dy  Ox

)

(0.1)



P
i e. P
ol

Ox

oo O
Yo ™
I
[e»]

This is the required condition for integrability of equation (1).

(8)

1.2.5 The Condition for exactness. of Pdx + Qdy + Rdz = 0.

Consider the total differential equation
Pdx + Qdy + Rdz =10,

The equation (1) is said to be exact, if the following three
conditions are satisfied

9P _0Q\ (90 _0RY . (0R 0P
dy 0Ox) '\ 0z 0y ox 0z) '

Note that when conditions (2) are satisfied, the condition for
integrability of Pdx + Qdy + Rdz = 0, namely,

0Q OR OR OP
P(% )05 a)*

is also satisfied, for each term of (3), vanishes identically.

oP _0Q\ _,
dy ox)

(1)

(2)

(3)



1.2.6 Methods of Solving total differential equations:

1.2.6 (a) Method I: Method of Inspection

If the given equation is exact then the coefficients of P, Q and R
in (8) are zero. In this case given equation is directly integrable
after regrouping the terms of the equation.

Example 1.40: Solve

(x —y)dx — xdy + zdz =0
Solution: We have,
P=x—y, @Q=—x, R=z,
oP oP o _ 0Q OR OR

dy " 0z " Ox " 0z " Ox " dy ’

The condition of integrability is
0Q OR OR 0P oP  0Q
Pl— —— —_— - R(———
<6z 6y>+Q<8x 82>+ <6y 8X>

=(x—y)0-0)—x(0-0)+2z(-14+1)=0,



satisfied here, hence given equation is exact. Now rearranging the
terms of the given equation, we have

xdx — (ydx + xdy) +zdz =0 ,
on integration, we get solution as
><2—2xy—i—z2 =q .

1.2.6 (b) Method IlI: Treating One Variable as Constant

1. Verify the condition of integrability.

2. Check, which two terms in the given equation can be easily
integrable.

3. Take the variable in the remaining term as constant viz for
our convenience let two terms Pdx + Qdy = 0 be easily
integrable, then we take the third variable z = constant, so
that we get dz = 0.

4. Put dz = 0 in the given equation and then integrate, add
¢(z) as constant of integration.

5. Differentiate the equation obtained in step (4) with respect to
x, y ,z and compare it with the given equation to find <Z>/(z),
which on integration gives the value of ¢(z).



1. Substitute this value of ¢(z) in the relation obtained in step
(4), gives the complete solution of the given equation.

Example 1.45: Solve
(2x2 + 2xy + 2xz% + 1)dx + dy + 2zdz = 0
Solution: We have,

P=2x>+2xy+2xz°+1, Q=1, R=2z,

oP oP 0Q 0Q OR OR
Oy X8z " Ox =0, "0z 0’8X 0’8y 0,

The condition of integrability is

0Q OR OR OP oP 0@
P(% 5) e o) (5 o)

= (2x® +2xy +2xz% + 1)(0 — 0) + 1(0 — 4xz) +2z(2x - 0) =0 ,



satisfied here, hence given equation is integrable. Take
Xx =constant.
‘. dx = 0 and the given equation becomes

dy +2zdz =0, on integrating, we get y +z> =¢(x) . (1)
Now on differentiating (1), we get
dy +2zdz = ¢/(x)dx = dy +2zdz — ¢/(x)dx =0, (2)
comparing it with given equation, we get
—¢'(x) =2x% 4+ 2xy + 2xz° + 1,
=2x% + 2x(y + 2?) + 1
=2x2 + 2xp(x) +1 (. by(1)),
¢'(x) + 2x¢(x) = — (2x* + 1),

which is linear equation in ¢(x), hence its solution is given by

o(x) - I F.z/l.F.-QdX—}—C, (3)

2
where |. F. =¢&* |



Hence equation (3) becomes

o(x) - e =c— /(2x2 + l)ex2dx =c— /(2xzex2)dx - /eXde ,

2 2 2
:c/x-2xeX dx/ex dx = ¢ — xe* |,

o(x) —ce ™ —x.

putting this value of ¢(x) in equation (1), we get general solution

as

y+z22=ce X —x= (X+y+z2)ex2:c.

1.2.7 Geometrical interpretation of d—,§ = % = d—RZ :

Consider the equation

dx dy dz
PTQ R (1)

From three dimensional coordinate geometry, it is know that the
direction cosines of the tangent to a curve are proportional to

dx, dy, dz. The differential equation (1), therefore, express the fact
that the direction cosines of the tangent to the curve at that.point



are proportional to P, Q, R. Let the solution of equation (1) is
given by u = ¢; and v = ¢p. Then we observe that the solution
represents the curve of intersection of the surfaces u = ¢; and

v = ¢. Since ¢1 and ¢, takes infinite many values, we get doubly
infinite number of such curves.

1.2.8 Geometrical Interpretation of Pdx + Qdy + Rdz = 0:
Let the total differential equation be

Pdx + Qdy + Rdz =0 , (1)

let f(x,y,z) = c be integral of the equation (1).

df df df
- —dz = 2
dxdx—i— dydy+ 7592 0, (2)

comparing (1) and (2), we get

df  df - df
d _ & _ dz

P Q R

But, &, Z—;, 9 are proportional to direction cosines (d.c.s.) of

normal to the surface f(x,y,z) = c at point P(x,y, z) on it.



Hence, equation (1) represents a one-parameter family of parallel
planes in xyz-plane such that d.c.s. of normal at any point
P(x,y,z) on the surface are proportional to the values of P, Q, R
at that point.

1.2.9 Geometrical Relation Between Total Differential
Equation And Simultaneous Differential Equations

Let the total differential equation be

Pdx 4+ Qdy + Rdz =0 , (1)

and system of simultaneous differential equations associated with
(1) namely

dx dy dz
P QR @)

To examine the relationship between the solution set of equations
(1) and (2), let us consider the following total differential equation

dx+dy+dz=0, (3)



on integrating, we get
X+y+z=c, —c0o<c<00. (4)

This is a one-parameter family of parallel planes in the xyz-plane.
Now system of simultaneous differential equations associated with
(3)is

11T )

The solution set of this equation is a two-parameter family of
straight lines

x—y=c and y—z=0c, (6)

we know that a family of straight lines intersect a family of planes
orthogonally if the direction cosines of the family of straight lines
are same as the direction cosines of normal to the family of planes.



Now equation (6) can be written as

X—a y z+ao
1 1 1

111
V3’ V37 V3
Also, d.r.s. of the normal to the family of plane (4) are (1, 1, 1) so

d.c.s. of family of lines (6) are

that the d.c.s. of normal to plane (4) are

V3V
The family of straight (6) intersect the family of plane (4)
orthogonally.
Hence, the locus of total differential equations
Pdx + Qdy + Rdz = 0 is orthogonal to the locus of simultaneous

differential equations & ‘g = %.
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